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Abstract 
 
Leading-edge vortex (LEV) is an essential high-lift mechanism employed by wide variety 
of flapping animals and rotating seeds. The universality of LEV in nature promises to enhance 
the aerodynamic performance of micro-air vehicles and low-speed wind turbines sized similar 
to animals. The main purpose of this thesis is to understand the mechanism of lift generation 
by LEV on revolving wings by computational analyses and theoretical modelling, especially 
focusing on the effect of Reynolds number (Re), angle of attack (AoA) and wing planform 
inspired from flapping wings in nature on the formation, strength and location of LEV. The 
following two parts of work are mainly combined in this thesis.  
Firstly, three-dimensional computational simulations are implemented to investigate the 
role of LEV structure on the lift and drag production, and the wing-surface pressure distribution 
on the bio-inspired revolving wing models of hawkmoth (Manduca sexta), bumblebee 
(Bombus ignitus) and fruitfly (Drosophila melanogaster). Surprisingly, it is found that the 
removal of their hind wings has marginal effect on the LEV formation and force production. 
The size and strength of the LEVs can be well quantified with introduction of a conical LEV 
angle, which is strongly affected by Re and AoA, however, still within the region of forewings. 
This implies that the forewing morphology very likely plays a dominant role in achieving low-
Reynolds number aerodynamic performance in natural flyers as well as in revolving and/or 
flapping micro air vehicles. 
Secondly, an analytical fluid dynamic model is newly developed to provide quick and 
accurate estimate of the LEV dynamics along wing span. A specific case for AoA = 90 degrees 
is firstly constructed on the basis of Maxworthy’s assumption, that LEV is mainly contributed 
by the vorticity production at the leading edge and its spanwise transport. The versatile model 
for arbitrary AoA and a wider range of Re is further established. The LEV circulation and its 
II 
 
centroid position against the radial distance simply follow the power-law growth of 4/3 and 2/3, 
respectively. The results of the model with the parameter of spanwise transport determined 
from numerical solution, are found consistent with the LEV strength and centroid coordinates 
measured previously in experiments. The agreement is good not only for rectangular wings, 
but also for bio-inspired shapes of insect wings. Hence, the reduced-order model offers a simple, 
versatile, and reliable tool for practical estimation of the LEV parameters. 
 
Key words: leading-edge vortex, rotary wings, insect, theoretical modelling, numerical 
simulation 
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1.1 Background 
1.1.1 Leading-edge vortices in nature 
Vortices manage energy, gathering and dispersing it, keeping the entire universe organized 
and alive [1]. Viktor Schauberger (1885-1958) saw life’s many processes as a part of an 
indivisible whole, linked by spiral movement. He identified two forms of motion in nature, 
outwardly expanding (used by nature to encourage breakdown and decomposition) and 
inwardly spiraling (used to build up, to create, and to energize) [2].  
Biological flyers and swimmers produce vortices to apply a force and adding momentum 
to the fluid around it, resulting in the production of lift and thrust. For flying animals, leading-
edge vortex (LEV) in flapping flight of insets, bats and birds, is created by dynamic stall (stall 
delayed for a short time), persisting on the the upper surface of the wing at a large angle of 
attack (AoA) and maintaining high-lift [3-5]. For swimming animals, fish may actively adopt 
effective strategy to exploit energy from unsteady flow of high regularity, such as Karman 
vortex street, thus reduces power consumption [6-7].  
High-performance flapping wings relies on a variety of unconventional aerodynamic 
mechanisms such as ‘clap and fling’ [8-9], advanced pitch-up rotation [10], wake capture [11], and 
non-circulatory added mass effect [12], but perhaps LEV may stand out as the most robust 
mechanism for augmenting aerodynamic force production. 
Flow separation at sharp leading edge is observed and studied in the early researches of 
delta wing [13-14], which is known widely as the shape of fighter aircraft and paper plane. The 
conical LEVs upon the both sides of swept leading edge are indicated to lead to nonlinear lift 
greater than that obtained from potential theory [13]. Ellington et al. [4] first suggested that the 
similar conical LEV structures with spanwise vortex-stabilizing flow on the upper surface of a 
hawkmoth wing can significantly enhance the lift force during flapping. Vast quantities of 
follow-up studies investigated the lift-augmenting mechanism of LEV in free flight of various 
insects, such as fruit fly [15], butterfly [16], bumblebee [17], dragonfly [18], even in the descent of 
an auto-rotating maple seed [19]. 
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1.1.2 Approaches to investigate leading-edge vortex 
Experiment is a widespread tool in the field of flapping and revolving wing research, the 
real wings in free flight [16-18] and the robotic wings [9-10, 19-21] in the measured wing kinematics 
are both employed in experimental flow field visualization and force measurement. Dickinson 
and coworkers [9-10, 19-20] first used dynamically scaled-up robotic wings to mimic flapping 
motion in mineral oil, and the system of particle image velocimetry (PIV) were equipped to 
show the surrounding flow. Moreover, smoke visualization is also a common tool to reveal 
LEV as well as trailing-edge vortex (TEV) and wing tip vortex (TV) in the forward flight of an 
insect [17]. 
Numerical simulation becomes popular with the performance boost of computer, more 
and more researchers utilize computational fluid dynamics (CFD) as an efficient method 
providing more detailed data. Liu et al. [22-23] first developed a biology-inspired dynamic flight 
simulator, and greatly reduced the cost in the research of insect flights. In recent studies, 
Garmann and Visbal [24] used implicit large-eddy simulation (ILES) and achieved high-fidelity 
in examining the LEV structure of a revolving plate. Engels et al. [25] designed a “numerical 
wind tunnel” to measure bumblebee fight in heavy turbulence in direct numerical simulation 
(DNS). 
From the theoretical point of view, blade element method (BEM) is a simple but robust 
tool in the calculation of aerodynamic forces for several decades, combining with the quasi-
steady assumption (reducing dynamic flapping motion to a succession of steady motion), first 
developed from the fixed-wing theory [26-27], but recently largely refined with rotational 
circulation [9] and added mass [28] in flapping wing study, or refined with non-uniform 
downwash distribution in revolving wing study [29], furthermore improved with high-fidelity 
CFD results for its accuracy [30]. There has also been a growing interest in the method of free 
vortex or so-called “trapped vortex” with a two-dimensional potential flow model, in which 
the circulation of LEV is individually estimated in low-order models [31-34], and the highlighted 
contribution of LEV lift is distinguished from the classical Wagner’s lift. 
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1.1.3 Research topics mainly concerned in leading-edge vortex studies 
1.1.3.1 Non-dimensional parameters 
        Non-dimensional parameters controlling the fluid dynamics have stimulated a great deal 
of interest in flapping and revolving wing research. Liu et al. studied the size effect on insect 
hovering aerodynamics associated with Reynolds number (Re) in a range from O(101) to O(104), 
which is a ratio of inertia-to-viscous force and usually defined as 𝑅𝑒 = 𝑈𝑡𝑖𝑝𝑐𝑚/𝜈 (𝑈𝑡𝑖𝑝 is wing-
tip velocity, 𝑐𝑚  is mean chord length, 𝜈  is the kinematic viscosity), the similarity and 
discrepancy of the near- and far-field vortex structures are showed among the models of thrips, 
fruit fly, honeybee and hawkmoth [35]. Many studies [35, 39, 40] reported that the LEV structure 
varies remarkably from a diffuse vortex at Re of order 100 to a compact core at Re above 1000. 
Harbig et al. also established their CFD models for hovering wings [36], Reynolds number and 
aspect ratio 𝐴𝑅 = 𝑏/𝑐𝑚  (b is wing length) are decoupled, then their effects on LEV are 
discussed accordingly. Many studies have showed a diffuse and growing LEV at Re of order 
102, and a compact and separating LEV at Re large than order 103,  accordingly lift and drag 
coefficients slowly reaches the upper limit when Re keeps increasing [36-40]. 
        Recently much effort has been conducted in wing shape optimization for unmanned 
flappers and drones with rotating blades. Aspect ratio (AR) is another important parameter that 
controls wing morphology in recent highlighted studies. Carr et al. [40] showed in the PIV results 
that the flow at the wing-tip of AR = 4 wing is less coherent, the outboard LEV and TV are 
separating out from the wing surface. Phillips et al. also investigated the aspect ratio effect of 
rectangular wings with AR up to 6, higher aspect ratios generated proportionally less lift 
distally because of LEV breakdown [41]. Kolomenskiy et al. [42] used triangular wings with 
constant span-wise position to chord length ratio along the wing-span, demonstrated that this 
parameter which is defined in a similar way with AR, should be sufficiently small, or, the wing 
has to be sufficiently wide, in order to keep the LEV stably enveloped within the upper wing 
surface. Interestingly, most of natural flyers’ wings have a small AR to refrain from Kelvin–
Helmholtz instability in vortex structures [43], which is also essential in designing low-Re micro 
air vehicle (MAV). 
        In pure revolving wings, Rossby number (Ro) is the ratio of rotational effects to 
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translational effects and it can be expressed as Ro = 𝑟𝑔/𝑐𝑚, in which 𝑟𝑔 is radius of gyration. It 
can be noticed easily that the effect of Rossby number or the effect of radius of gyration is 
controlled by AR and wing-root offset r0 (distance from revolving axis to wing-root) 
[44-45], 
thus AR and Ro effect are coupling each other. Lentink and Dickinson proposed the 
dimensionless magnitudes of the rotational accelerations and reported that increasing Ro led to 
a decrease in lift and drag coefficient, and infinitely turns the wing to pure translation [20]. 
Similar conclusions were confirmed in the numerical results from Rockwell and his coworkers 
and Lee et al. [45-48], as Ro increased the vortex system rapidly degraded and the breakdown 
position of LEV moved closer to the wing root. However, Phillips et al. [44] increased the 
petiolation values (wing-root offset 𝑟0) of a flapping wing and argued that the increasing Ro 
led to larger mean LEV lift. For the wings revolving about their roots, such that AR and Ro 
both increase, the competing effects of AR and Ro will lead to an optimum lift for AR between 
3 and 4 [43, 45, 48].  
1.1.3.2 Spanwise/axial flow associated with rotational accelerations 
        Good performance of insect wings benefits from LEV, and its stabilization is usually 
explained as the spanwise flow through a spiral vortex draining energy from wing root to tip [3, 
4, 20], of which the mechanism is analogous to that operating on delta-wing aircraft. 
        However, Birch & Dickinson [49] indicated the flapping wings did not generate a spiral 
vortex like delta wings, in addition spanwise flow obstructed by fences and edge baffles did 
not help the attachment of leading-edge vortex. More recent studies show that spanwise flow 
associated with pressure gradient is manipulated by centrifugal force and Coriolis force [12, 20, 
50], while the former one drive the flow outwards and grows in proportion to the radial distance 
from revolving axis, Garmann and Visbal [24] showed that, when the centrifugal term is 
eliminated from the governing equations, no stable LEV can develop. On the other hand, the 
Coriolis force has become a point of contention whether it contributes to the LEV attachment 
or not within the literature [20, 24, 37, 51-53].  
        Numerically solving the Navier-Stokes equations in the non-inertial reference frame of 
the wing recently becomes a popular method in separating the mechanisms of rotational 
accelerations when Coriolis and centrifugal terms are thrown out or not. Garmann et al. [24, 37] 
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indicated that Coriolis force is not a contributor to the LEV attachment for the wing and 
kinematics studied, but centrifugal force plays a dominant role in LEV attachment. However, 
Jardin et al. [51, 52] argued that Coriolis effects are responsible for the attachment of the LEV 
close to the upper surface of the wing, demonstrating a strong correlation between high 
sustained lift and robust attachment of the LEV. 
        Coriolis acceleration and more generally rotational acceleration can be quantified using 
the Rossby number as the ratio of inertial to Coriolis forces [20, 46], or the ratio of translational 
to rotational effects [47]. Jardin and Colonius [54] further suggested that the transition between 
quasi-steady and unsteady regions appears to be driven by local Rossby number r/c and occurs 
around r/c = 3, this is consistent with the study of Kruyt et al. [43] and Lee et al. [45]. 
1.2 Motivation and aim 
        As the leading-edge vortex is mostly generated during the mid-stroke when the feathering 
motion is regarded as the minor effect, the LEV structure and the corresponding aerodynamic 
forces in pure revolving motion was previously studied [38], using the bioinspired wings which 
are simplified as solid, flat and rigid plates of insect wing shape. A large quantity of studies 
employed even simpler models of revolving rectangular plates in their numerical simulations 
and robotic wing experiments [24, 37, 40, 41, 43-48, 51, 52, 54], mainly concentrating the effects of AR 
and Ro. Only a few studies employed the rotary wing models with insect wing shape [21, 36], but 
there is still no research aiming at the morphology effect of real insect wing shape, in other 
word, the effect of local chord length c(r) on LEV production and aerodynamic performance. 
        On the other hand, vortex is produced in chordwise and transports with strong spanwise 
flow, giving the LEV a spiral conical shape in general [22, 34, 39, 41, 42]. While the sub-structures 
of LEV, such as the primary and secondary LEV, are largely studied in literature [36, 37, 46], how 
the entire LEV structure forms with the variation of Reynolds number and angle of attack still 
remains quantitatively unclear.  
        In this thesis, the majority of LEV study focused on the vortex formation and the 
corresponding force production, in terms of the effect of wing morphology (c(r)), the effect of 
Reynolds number and the effect of angle of attack. Quantifying the LEV formation makes it 
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possible to relate it to aerodynamic force in a large range of the quantities above, thus, to 
achieve better aerodynamic performance by designing the matching shapes of rotating blades 
and wings in multi scales, from coin-size robotic flapper to wind turbine.  
1.3 Thesis outline 
        Chapter 1 introduces the research background, motivation and aim to acquaint the readers 
with the popular topics about LEV in recent years, based on which, I did some remaining works 
in my doctoral course.  
        Chapter 2 is mainly investigating the formation of LEV on a rotary bioinspired wing, using 
the numerical simulation with the specific vortex definition techniques LEV angle introduced. 
Reynolds number effect and angle of attack effect are first studied, covering a large parameter 
space for various rotating wings. After that, the impact of hindwing reduction on LEV angle as 
well as the corresponding force production shows the wing morphology effect. 
        Chapter 3 and 4 carry out the theoretical studies on LEV properties, at a special case of 
AoA = 90° and arbitrary AoA, respectively. The analytical models can make a quick estimate 
of LEV circulation and core position in simple closed form equations, meanwhile achieve good 
agreement with numerical and experimental results. Chapter 4 further discuss the effect of 
spanwise vorticity transport and the effect of downwash by parameter sweep, which enhances 
the accuracy of the estimation and provides more physical insight in LEV stability. 
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Chapter 2  
 
Numerical simulations 
investigating aerodynamic 
effects of wing kinematics 
and wing morphology on 
leading-edge vortex 
 
This chapter introduces the effect of wing kinematics in terms of Reynolds 
number and angle of attack, and the effect of wing morphology in terms of wing 
shape and hindwing reduction, on the LEV formation and the corresponding 
force production on a bioinspired rotary wing. 
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2.1 Introduction 
Flying animals have evolved the capacity of flight under the natural selection process, 
which suggests that the aerodynamic performance is likely to be critical for the overall fitness 
of a flying animal. Indeed, Berman and Wang [1] tested and showed the hovering insects varying 
their wing kinematics are likely to minimize the metabolic cost associated with the motion, 
which matched the observed flights, while still producing enough lift. It seems reasonable to 
assume that selection may also favour the wing morphology to minimize the power 
consumption or to obtain maximum average lift production [2] based on the aerodynamic 
objectives. On the other hand, the diversity of natural wing shapes exists in terms of fore- and 
hind-wing in insect flight. In four-winged insects, fore-and hind-wings can be markedly 
different in length, shape, stiffness and functions. In Diptera the small hindwings have evolved 
to the oscillating inertial sensor organs, while Dermaptera usually have thickened or elytriform 
forewings, which are much shorter and presume to have far less lift-generation capacity than 
the hindwings [3]. Lepidoptera and hymenoptera use wing coupling to achieve synchronous 
flapping. Jantzen and Eisner [4] suggested that Lepidopterans can still fly but cannot achieve 
their normal manoeuvrability when the hindwings are removed. Buchwald and Dudley [5] found 
the bumblebees had a significant decline in vertical force under the maximum load-lifting 
condition concomitant with reduced wingbeat frequency when the hindwing was removed, 
however the biological experiments involved the passive properties of wing rotation and the 
active control of insects, and the latter mechanisms were largely unexplored. Flapping flight in 
dragonflies benefit from the unique phase change between fore- and hind-wing. Many 
experiments indicated that dragonflies are capable of controlling the flow interactions between 
fore-and hind-wing to improve aerodynamic performance [6-7]. However, how the forewings 
and hindwings as well as their morphologies contribute to aerodynamic force production and 
flight control remains unclear yet. 
        The efficacy of flapping wings relies on a variety of aerodynamic mechanisms such as the 
‘clap and fling’ [8-9], the advanced pitch-up rotation [10],  the wake capture [10-11], and the non-
circulatory added mass effect [12], but perhaps the most ubiquitous one is the leading-edge 
vortex (LEV) which persists on the upper surface of the wing at a large angle of attack and is 
responsible for augmenting aerodynamic force production [13-14]. The LEV has been observed 
in flapping wings in insect flight [14-15], as well as in uniformly rotating wings [16-17] and auto-
rotating seeds [18], and even at the root sections of wind turbine blades [19].  
        In view of the importance of the LEVs for the aerodynamic force production, tremendous 
 Chapter 2   Numerical  simulations  investigating  aerodynamic  effects  of  wing  kinematics  and  wing 
morphology on leading-edge vortex 
14 
 
efforts in experiments, simulations and theoretical analysis have been made in the past decades, 
which have in toto given a quite clear picture of the LEV in insect flapping flights [20-24]. For 
revolving wings as a simplified flapping-wing model that is capable of capturing the main 
feature the LEV in low Reynolds number regime, there has also been a considerable effort in 
identifying the morphological parameters that control the LEV. Usherwood and Ellington [16] 
examined experimentally the aerodynamic effects of the leading edge shape as well as the twist 
and camber on the lift and drag forces of a revolving insect-like wing, which were however 
confirmed of no substantial influence, and further interestingly, the aspect ratio (AR) showed 
less influence on aerodynamic forces [17]. However, Harbig et al [25] decoupled the effects of 
Reynolds number (Re) and aspect ratio, and argued that low-AR wings do in fact outperform 
high-AR wings, because shorter chord aggravated the interaction between LEV and unsteady 
flow at distal part of the wing, thus led the reduction of LEV circulation and lift coefficient of 
the high-AR wings. Kruyt et al [26] carried out a PIV experiment combing with a quasi-steady 
analysis of 12 hummingbird taxa wings, demonstrating that the hummingbirds benefit from 
their low AR wings at a high angle of attack, but higher AR hummingbird wings can lead to 
lowering power consumption. Nabawy and Crowther [27] carried out the blade element analysis 
and applied a generic model to wings of arbitrary morphology in arbitrary flapping motion. 
Moreover, Nabawy and Crowther [28] presented a developed lifting line theory, which included 
non-ideal induced effect and showed good agreement in the lift coefficient curves with the 
experimental data of hawkmoth, pigeon and hummingbird. However, most of these studies 
didn't touch upon the all three-dimensional effects of the wing morphology on shaping the LEV, 
the pressure distribution and their correlations with force production.  
        From a theoretical perspective, Maxworthy [29] explained that the flow over a revolving 
wing at a high angle of attack generates both a rolled-up vortex, and a concomitant outward 
flow along the wing span, that removes the excess vorticity and deposits it into a wing-tip 
vortex. Chen et al [30] further derived closed-form expressions for the strength and position of 
edge vortex on a rectangular plate at the utmost angle of attack 90°. Lentink and Dickinson [31] 
identified the ratio between the local span-wise position and chord length as an important 
parameter that controls the LEV dynamics. Kolomenskiy et al [32], using triangular wings with 
constant span-wise position to chord length ratio along the wing-span, demonstrated that this 
parameter has to be sufficiently small, or, the wing has to be sufficiently wide, in order to keep 
the LEV stably enveloped within the upper wing surface. When the ratio was smaller than the 
threshold value, vortex shedding was observed. Likewise, Kruyt et al [33], using rectangular 
wings, found that the LEV remained attached when the ratio was less than 1/4, and separated 
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farther outboard [25]. Incidentally, the majority of flying animals have a small ratio over a large 
portion of the wing length [33].  
        To what extent is the flapping-wing aerodynamics determined by the wing shape in terms 
of fore- and hind-wing? To answer this question, the computational fluid dynamic (CFD)-based 
simulations have been designed with a specific focus on how the fore- and hind-wing 
contributes differently to force production and aerodynamic performance, utilizing the wing 
morphologies of three insect species of a fruitfly (Drosophila melanogaster), a bumblebee 
(Bombus ignitus) and a hawkmoth (Manduca sexta) (§2.2.1). A study of angle of attack effect 
and Reynolds number effect in terms of LEV distributions and aerodynamic forces is also 
included in this chapter, discussing their correlations with forewing and hindwing 
morphologies. (§2.3.1). The results further show how the morphologies, at three different 
Reynolds numbers, affect the integral aerodynamic force coefficients (lift and torque 
coefficients, and power factor), the local pressure loading and the LEV angle by proposing two 
methods (§2.3.2). Next it also shows how hindwing reduction affects LEV formation (§2.3.3), 
as well as the aerodynamic force contributed by LEV (§2.3.4), on the revolving wing of four-
winged insects.  
2.2 Materials and Methods 
2.2.1 Wing morphology and kinematics 
The wing planform are reconstructed utilizing the morphologies of fruitfly (Drosophila 
melanogaster), bumblebee (Bombus ignitus) and hawkmoth (Manduca sexta) specimens (only 
one wing side), from which, the forewing and hindwing are digitized respectively and 
illustrated in figure 2.1a. The digital images and geometric data of the three insects came from 
our previous simulation models [21, 34-35]. Wing models involve integral fore-hind-wing models 
and forewing models of hawkmoth and bumblebee, as well as a single wing model of fruit fly, 
whose degenerate hind-wings are sufficiently small to be neglected. Note that, however, the 
single fruit fly wing is introduced to study the morphology effect between species. All the wing 
models are treated as a flat and rigid plate with a thickness of 2%𝑐𝑚 (𝑐𝑚: mean chord length) 
and located with a distance of 0.5𝑐𝑚 between the pivot point and the wing base. The offset 
known as the wing petiolation [36] is small enough to have minor effect on root vortex thus kept 
constant in current paper. Given the mean chord lengths 𝑐𝑚 and the flapping frequencies of the 
three insects, the wing aspect ratios and Reynolds numbers are calculated to be 𝐴𝑅 =
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𝑅𝑡𝑖𝑝/𝑐𝑚 −0.5, 𝑅𝑒 = 𝑈𝑡𝑖𝑝𝑐𝑚/𝜈, where 𝑅𝑡𝑖𝑝 and 𝑈𝑡𝑖𝑝 denote the wing tip radius (distance from 
the axis of rotation) and velocity, respectively, and 𝜈 is the kinematic viscosity of the air at 
25℃. 
 
Figure 2.1. (a) Morphologies of a fruit fly, a bumblebee and a hawkmoth with wing planforms, wing 
length (WL), wing-beat frequency (n), aspect ratios (AR) and Reynolds numbers (Re). (b) The rotating 
hawkmoth wing in wing-fixed coordinate (x’, y’, z’) and global coordinate (x, y, z). The span-wise is along 
axis y’, while the chord-wise is along axis x’. 𝑅𝑡𝑖𝑝, 𝑅𝑟𝑜𝑜𝑡 denote the rotational radius from the wing tip and 
root, and 𝜴𝒛(𝑡), 𝜴𝒛̇ (𝑡) the angular velocity and acceleration, respectively. (c) The non-dimensional angular 
velocity versus time. Note that the angular velocity accelerates sinusoidally till 𝑡𝑎𝑐 and then reaches a 
constant of 𝛺𝑧(𝑡) = 𝛺𝑎𝑣𝑒. 
 
        A global coordinate frame (x, y, z) and a wing-fixed local rotating coordinate frame (x’, 
y’, z’) are defined as depicted in figure 2.1b, and their coordinate transformation can be given 
by equation (2.1), where terms 𝑄𝐺 and 𝑄𝑅 denote vectors measured in the global and rotating 
frames, 𝑅 the rotation matrix, and 𝜓 the position (rotating) angle, respectively. 
 𝑄𝐺 = 𝑅𝑄𝑅, 𝑅 = [
cos 𝜓
− sin 𝜓
0
   
sin𝜓
cos𝜓
0
   
0
0
1
]. (2.1) 
        The position (rotating) angle 𝜓 is defined between the two frames; the vertical axis z in 
global frame is the rotational axis, which coincides with the axis z’ in the wing–fixed rotating 
frame; α denotes the angle of attack (AoA) between axis z/z’ and the normal direction of wing 
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surface. The wing rotates with an initiative acceleration rapidly up to a steady state with a zero 
angular acceleration (𝛺?̇?(𝑡)=0). Following Harbig et al 
[25], a cosine function is utilized herein, 
which perfectly leads a zero-acceleration move and smoothly connects the acceleration and 
steady phase (figure 2.1c). The angular velocity 𝛺𝑧 of the revolving wing is defined as:  
 𝛺𝑧(𝑡) = {
1
2
𝛺𝑠𝑡𝑑(1 − 𝑐𝑜𝑠(𝜋𝑡/𝑡𝑎𝑐)),  𝑡 < 𝑡𝑎𝑐
                    𝛺𝑠𝑡𝑑                 , 𝑡 ≥ 𝑡𝑎𝑐
 , (2.2) 
where 𝛺𝑠𝑡𝑑  denotes the steady rotational angular velocity, 𝛺𝑠𝑡𝑑 = 2π𝑓 = 2π/𝑇 , 𝑡𝑎𝑐  the 
acceleration time of 8.35%T, respectively. Note that T is time period of rotation, and 𝑓 is 
rotating frequency. The acceleration time 𝑡𝑎𝑐 does have effect on the starting vortex, but it 
becomes negligible in the 4th wing revolution, of which the variables are averaged and studied. 
Note that the wing models revolve for four revolutions, and only the averaged values of 
the last cycle as the steady state, see §2.2.4, are considered in the following study. Unlike the 
quasi-steady models [31, 37], which exclude the dynamic effect of previous wake (downwash) in 
the flapping simulation with revolving wings, the plain revolving cases are carried out with 
insect wings in the steady downwash in last cycle.  
2.2.2 Computational fluid dynamic modelling 
The incompressible three-dimensional Navier-Stokes equations and the equation of 
continuity are transformed into the non-inertial rotating frame fixed onto the wing (figure 2.1b) 
[38-40]: 
 𝛻 ∙ 𝑢 = 0,  (2.3) 
 𝜌
𝐷𝑢
𝐷𝑡
+ 𝜌?̇? × 𝑟 + 𝜌𝛺 × (𝛺 × 𝑟) + 2𝜌𝛺 × 𝑢 = −𝛻𝑝 + 𝜇𝛻2𝑢 ,  (2.4) 
where 𝜌  denotes the air density, u local velocity, t time, 𝛺  angular velocity, ?̇?  angular 
acceleration, 𝑟 position vector, p pressure, 𝜇 the dynamic viscosity of the air, and 𝛻 and 𝛻2 
gradient operator and Laplace operator, respectively. The commercial software ANSYS CFX 
14.5 is used in all simulations, which utilizes an implicit second-order backward Euler scheme 
for the transient terms and a high resolution scheme for advection terms in both continuity (2.3) 
and momentum equations (2.4). Laminar flow simulations are conducted at lower Reynolds 
number less than 104  while the turbulence model of Baseline Reynolds stress (BSL) is 
introduced for the simulations when the Reynolds numbers exceeds 104. 
The computational domains consist of two parts as illustrated in figure 2.2. The inner 
domain includes the wing model at the center and the outer boundary of a sphere with 50𝑐𝑚 in 
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diameter, which is proved to be sufficiently large [22, 25, 41]. The sphere domain rotates around z 
axis according to the equation (2.2), and the boundary conditions on the wing surface are 
specified as no-slip wall with zero normal pressure gradient. The outer domain is a cuboid with 
the far-field boundaries of up-stream inlet, the down-stream outlet and the side wall, 150𝑐𝑚, 
150𝑐𝑚 and 100𝑐𝑚 away from the wing surface, respectively (figure 2.2). The domains are 
discretized with hexahedron meshes of high quality, with the minimum grid spacing adjacent 
to the wall surface controlled by, 𝛿𝑚𝑖𝑛 = 0.1𝑐𝑚/√𝑅𝑒 
[21]. Zero-velocity gradient and zero 
pressure are applied at the inflow and outflow boundaries; a free-slip wall condition is used at 
the side wall, where the shear wall stress is set to be zero. 
A technique of the so-called General Grid Interface (GGI) is applied to ensure a smooth 
connection between the two rotational and stationary domains (figure 2) in the Multiple Frame 
of Reference (MFR), and the moving grid method is utilized in the inner domain [42]. 
 
Figure 2.2. The stationary (left) and rotational (right) domains with General Grid Interface (GGI) and the 
corresponding wing location and boundary conditions. 
 
2.2.3 LEV angles and aerodynamic force coefficients 
A revolving wing at low Reynolds numbers generally creates leading-edge vortices (LEV) 
and trailing-edge vortices (TEV), as observed in flapping and translating wings. It has been 
argued that the rotational accelerations in terms of centripetal and Coriolis forces, and the span-
wise pressure gradient likely play a dominant role in shaping the LEVs [21, 31, 37], which 
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associate with a span-wise flow in flapping and revolving wings [10, 14, 20, 22, 25, 43-44]. Note that 
the LEV topology is normally conical for most low-AR revolving and flapping wings, but 
sometimes becomes cylinder-like at sufficiently low Re [24] or in forward flight [15]. However, 
correlations among the LEV’s shape and topology and the aerodynamic force production are 
still poorly understood. Here two methods are proposed through investigation on the 
distribution of LEV-induced negative pressure and the iso-surfaces of 𝜆2-criterion. The angle 
of the conical vortex structure is then quantified using the above two methods. The consistency 
is further discussed between the two methods through investigation on the LEV coverage on 
the wing surface against AoA and Reynolds number (see §2.3.1). 
2.2.3.1 LEV angle based on chord-wise pressure coefficient (CP).  
Here is a method which defines a LEV angle on the basis of the chord-wise pressure 
coefficient such as:  
𝐶𝑝 = P/(
1
2
𝜌𝑈𝑟
2) , 𝑈𝑟 = 2𝜋𝑅(𝑟)𝑓,  (2.5) 
where 𝑈𝑟 denotes the local wing velocity at a span-wise cross-section (r). In most cases the 
Reynolds number-dependent, chord-wise 𝐶𝑝 profiles have conspicuous extreme and inflection 
points being regarded as the imprint positions of the LEV (see figure 2.3a), but here the extreme 
points are selected only when both extreme and inflection exist. Then these points are named 
as 𝐶𝑝-based imprint points, because the LEV may not be actually or visually attached on the 
upper surface. More details can be found in §2.3.1. In an extreme case of Re = 100 where 
neither inflection nor extreme exist in 𝐶𝑝 profiles, introduce another method is introduced as 
being described in §2.2.3.2.  
        Quantifying the imprint points makes it possible to evaluate the LEV angle 𝛾, which can 
be obtained as shown in figure 2.3c: 
 𝛾 = tan−1(
1
𝑁
∑
?̃?𝑖
𝑦𝑖
𝑁
𝑖=1 ), (2.6) 
where ?̃?𝑖 denotes the distance from the imprint points to the leading edge, 𝑦𝑖 the span-wise 
distance from rotating center, and N the number of the imprint points measured from wing base 
to wing tip. The curved line y(?̃?) is thus approximated with a straight line, and the slope angle 
𝛾 of that line is taken as a scalar measure of the LEV core expansion. 
2.2.3.2 LEV angle based on iso-surface of λ2-criterion 
 Another method proposed in this study is based on the LEV structure in terms of the iso-
 Chapter 2   Numerical  simulations  investigating  aerodynamic  effects  of  wing  kinematics  and  wing 
morphology on leading-edge vortex 
20 
 
surface of 𝜆2 -criterion, which is capable of representing the vortex morphology in low 
Reynolds number regimes more precisely than the Q-criterion [45-46]. The LEVs are herein 
visualized with the iso-surface of 𝜆2-criterion, which denotes the negative second eigenvalue 
of the symmetric tensor 𝑆2 + 𝛺2, where 𝑆 =
1
2
[∇𝑣 + (∇𝑣)𝑇] is the rate of strain tensor, and 
𝛺 =
1
2
[∇𝑣 − (∇𝑣)𝑇] is the vorticity tensor. With consideration of 𝑆2 + 𝛺2 in determining the 
minimum local pressure [45], then the LEV core can be defined by  
 𝜆2(𝑆
2 + 𝛺2) < 0. (2.7) 
In all the simulations the same threshold of 𝜆2 is chosen in plotting the 3D iso-surfaces of 𝜆2-
criterion while projecting the area on the wing surface. Accordingly, at a certain span-wise 
cross-section, the 𝜆2-based imprint points are given by the projected 2D iso-line of 𝜆2–criterion 
in figure 2.3b. When the positions of the 𝜆2-based imprint points are obtained, the 𝜆2-based 
LEV angle 𝛾 is calculated in the same way with the 𝐶𝑝-based one, see figure 2.3c. 
 
Figure 2.3. Sectional imprint points, (a) represented by extreme and inflection points on 𝐶𝑝 curves at 
different span-wise positions, and (b) projected by iso-line of 𝜆2-criterion. (c) Description of the LEV 
angle 𝛾. 
2.2.3.3 Aerodynamic force coefficients 
 Two aerodynamic force coefficients of lift and torque are employed to evaluate the 
aerodynamic performance of revolving wings. In the blade element theory, the lift and torque 
are defined along the span-wise position (r) from base (d) to tip (D), such that  
 ?̅? = ∫
1
2
𝐶𝑙(𝑟)𝜌(𝛺𝑟)
2𝑐(𝑟)𝑑𝑟
𝐷
𝑑
,    ?̅? = ∫
1
2
𝐶𝑞(𝑟)𝜌(𝛺𝑟)
2𝑐(𝑟)𝑟𝑑𝑟
𝐷
𝑑
 ,  (2.8) 
where ?̅? and ?̅? denote the time-averaged lift (vertical force along axis z) and torque (around 
axis z) on the wing, 𝑐(𝑟)  is the local chord length. Note that, the force ?̅?  is the vertical 
component of the resultant force on the wing, which is not normal to the wing surface due to 
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the viscous force. The ratio between wall shear (tangential) and pressure (normal) declines with 
the increasing Reynolds number. 
The lift and torque coefficients, 𝐶𝑙 and 𝐶𝑞, can be derived from (2.8) such as, 
 𝐶?̅? =
?̅?
1
2
𝜌𝛺2𝑆2
,   𝐶𝑞̅̅ ̅ =
?̅?
1
2
𝜌𝛺2𝑆3
 . (2.9) 
where S denotes the area of wing surface. 𝑆2 and 𝑆3 the second and third moments of wing area, 
respectively, 
 𝑆2 = ∫ 𝑐(𝑟)𝑟
2𝑑𝑟
𝐷
𝑑
,   𝑆3 = ∫ 𝑐(𝑟)𝑟
3𝑑𝑟
𝐷
𝑑
. (2.10) 
Furthermore, aerodynamic efficiency can be evaluated by PF, which is the ratio of the 
minimum power for generating lift and the actual aerodynamic power consumption,  
 𝑃𝐹 = 𝑃𝑅𝐹/𝑃𝑎𝑒𝑟𝑜 . (2.11) 
𝑃𝑅𝐹 here is obtained from Rankin-Frounde momentum theory 
[47-49],  
𝑃𝑅𝐹 = 𝑚𝑔√
𝑚𝑔
2𝜌𝐴0
,                                                           (2.12) 
where 𝐴0 is the area of actruator disk. In the case of hovering flight (𝑚𝑔 = ?̅?) at constant 𝛺, 
the aerodynamic power consumption 𝑃𝑎𝑒𝑟𝑜 = 𝛺?̅?. Combining (2.9-2.12), PF is thus derived 
as  
𝑃𝐹 = √
𝑆2
3
4𝐴0𝑆3
2 √
𝐶𝑙̅̅ ̅
3
𝐶𝑞̅̅̅̅
2,                                                            (2.13) 
2.2.4 Numerical grid convergence 
Validation of the revolving wing modelling is performed for the hawkmoth wing (AR = 
2.78) rotating up to four cycles when reaching a stable “steady phase” in terms of grid-
dependency (time-varying lift coefficient in figure 2.4) and comparison with force 
measurements (time-average lift and torque coefficients in figure 2.5). The grid sensitivity in 
fluid domain (figures 2.4a, 2.4b) and wing surface (figures 2.4c, 2.4d) is investigated separately 
in this paper. Time step ∆𝑡 of 𝑇/103 is used in all the simulations, which is confirmed to be 
sufficiently small to ensure high-resolution. As criterion of convergence, the averaged relative 
error 𝜖 ̅is defined with 𝐶𝑙 at each time step such as: 
 𝜖̅ = |
1
𝑚
∑
(C𝑙)𝑓𝑖𝑛𝑒−(C𝑙)𝑐𝑜𝑎𝑟𝑠𝑒
(C𝑙)𝑐𝑜𝑎𝑟𝑠𝑒
𝑚
𝑖=1 | , (2.14) 
where m denotes the maximum time step. Table 2.1 shows the averaged lift coefficients 𝐶?̅? and 
the relative errors 𝜖.̅ Note that the grid systems (2), (3) and (5), (6) can achieve errors 𝜖 ̅less 
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than 2%, sufficiently acceptable for the current simulations. An extensive study further 
confirmed that the similar grid system could achieve the same accuracy for bumblebee and 
fruit fly wing models. Note that, the simulator is further validated for its numerical reliability 
with the experimental results of lift and drag/torque coefficient in fruit fly, bumblebee and 
hawkmoth cases §2.3.1.1. 
 
Table 2.1. Grid densities, number of elements, time-averaged lift coefficients and relative errors 
Mesh 
Nodes distribution 
 
Elements 
(*106) 
Lift coefficient 
𝐶?̅? 𝜖 ̅
Domaina 
(𝑥 ∗ 𝑦 ∗ 𝑧) 
(1) 25 ∗ 25 ∗ 30 2.01 1.4621 --- 
(2) 30 ∗ 30 ∗ 40 2.83 1.4324 1.96% 
(3) 35 ∗ 35 ∗ 45 3.44 1.4422 0.79% 
Wing surfaceb 
2 ∗ (4𝑎𝑏 + 𝑎2) 
(4) 2 ∗ (4 ∗ 20 ∗ 15 + 202) 1.99 1.4276 --- 
(5) 2 ∗ (4 ∗ 30 ∗ 20 + 302) 2.83 1.4324 0.35% 
(6) 2 ∗ (4 ∗ 40 ∗ 25 + 402) 3.81 1.4328 0.03% 
a In evaluating the domain grid, the mid density Mesh (5) is employed for the wing surface. 
b In evaluating the surface grid, the mid density Mesh (2) is employed for the domain. 
 
Figure 2.4. Comparison of time varying (non-dimensional time t*) lift coefficients among three grid 
systems for near-field domains (a, c) and three grid systems for the wing surface (b, d) with different grid 
 Chapter 2   Numerical  simulations  investigating  aerodynamic  effects  of  wing  kinematics  and  wing 
morphology on leading-edge vortex 
23 
 
densities. The grids are clustered in the three directions of ‘x’, ‘y’, ‘z’, and the two edges of ‘a’ and ‘b’, 
from coarse to fine. The hawkmoth wing model undergoing a steady rotation is employed at Re = 5400. 
2.3 Results 
2.3.1 Leading-edge vortex at various angles of attack and Reynolds numbers 
Here an investigation is implemented on how the angle of attack and Reynolds number 
affect the formation of LEVs and hence aerodynamic performance in terms of iso-surfaces of 
λ2-criterion, 𝐶𝑝-and λ2-based LEV angles 𝛾, and local pressure coeffcients, with the hawkmoth 
revolving wing model. The result in this section is partly based on our previous study [50], while 
the LEV formation and the function of LEV angle are emphasized.  
2.3.1.1 Angle of attack effect 
 Firstly, the simulation-based time-averaged lift and torque coefficients are plotted in figure 
2.5, as well as power factors and lift-torque polar curves versus angle of attack, and compared 
with the measurements for the hawkmoth wing of Manduca sexta by Usherwood and Ellington 
[16]. Excellent agreement is found between the simulations and experiments. The lift and torque 
coefficients show a relation of approximately cosine and sine functions with angles of attack, 
as reported by previous studies [17, 37]. The revolving wing achieves a peak of lift coefficient 
around the geometric AoA = 50° . This value slightly exceeds the corresponding effective AoA 
around 45° at the maximum lift due to the downwash, and gets close to the angle of attack at 
the middle of single stroke of a hovering hawkmoth [20, 51] and a hovering fruitfly [52]. The power 
factors in figure 2.5c seem to decrease after the peak at AoAs between 10° and 20°, where both 
lift and torque coefficients are much lower than their peaks. 
The simulation is validated for the numerical reliability with hawkmoth wing in figure 2.5, 
which provides basic aerodynamic performance as functions of angle of attack. Furthermore, 
Furthermore, this section also includes the comparison of the aerodynamic force coefficients 
of fruit fly (lift and drag) and bumblebee (lift and torque) with the experimental results from 
Lentink and Dickinson [31], and Usherwood and Ellington [17], see figure 2.6a and 2.6b, 
respectively. The specific geometry parameters of the two insects in both experiments and 
simulations are shown in Table 2.2. The validations show good agreement in the force 
coefficient curves for both the fruit fly (figure 2.6a) and the bumblebee (figure 2.6b). The lift 
coefficient curve from the simulation of fruit fly is slightly lower than that from the experiment 
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(figure 2.6a), however still within an acceptable range, which may be caused by the difference 
of aspect ratio and wing root offset between the simulation and the experiment [31]. Note that, 
the aerodynamic forces obtained from the simulations for validation are averaged over the same 
range of the stroke angles as in the two experiments, respectively.  
 
Figure 2.5. Comparison of time-averaged lift (a) and torque (b) coefficients and power factor (c) of the 
revolving hawkmoth wing versus angle of attack between experiments and simulations (wing shapes and 
parameters shown on left side) in the ‘steady phase’. Lift by torque polar curve (d) is also plotted. 
 
 Relationship between LEV structures and angles of attack, at the chord-based Reynolds 
number of 5400, is illustrated in figure 2.7, in which the 3D iso-surfaces of 𝜆2-criterion have a 
threshold of 0.03. Obviously, the conical LEVs match the negative pressure regions on the 
upper surfaces at all AoAs. It is observed that the LEVs show a breakdown at mid-wing length 
at all the angles of attack at this Reynolds number (see the bottom panel of figure 2.7b), 
implying that the AoA likely has little influence on the LEV separation position in the span-
wise direction. The arch-like LEV structure breaks up into two co-rotating vortices (labelled 
LEV1 and LEV2) at somehow 54%WL spanwise (figure 2.7b), which was also detected in 
previous studies [20, 25]. The separated LEV, that reattachs at AoA of 40° but sheds off at 
𝐴𝑜𝐴 of 60°, moves slowly towards trailing-edge from base to tip and evenually breaks down 
at the outer part of the wing. 
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Table 2.2. Geometry parameters and chord-based Reynolds numbers of the fruit fly and bumblebee wings 
in the simulation and the experiment 
  AR Offset Thickness Re 
Fruit fly 
EXP from Lentink and 
Dickinson (2009b) 
2.09 0.75c 2.24% 110 
CFD 3.28 0.50c 2.00% 100 
Bumblebee 
EXP from Usherwood and 
Ellington (2002b) 
3.57 0.38c 1.42% 5496 
CFD 3.64 0.50c 2.00% 2800 
 
Figure 2.6. The experiment and the simulation results for validation of the aerodynamic force coefficients 
(Cl, Cd, Cq denote lift, drag and torque coefficients, respectively) against angle of attack for the revolving 
wings of fruit fly (a) and bumblebee (b). The wing profiles are plotted at top panel. 
 
        Figures 2.8a, 2.8b display the locations of the LEVs downstream at different AoAs, 
estimated by introducing 𝛾 with the two methods in §2.2.3. The two methods agree well in 
terms of the LEV angle 𝛾 (figure 2.8c), indicating that the angle 𝛾 keeps increasing untill AoA= 
70° and then drops rapidly. As seen in figure 2.7, a substantial portion of the upper wing surface 
is covered with the LEV-induced negative pressure. The relationship between angle γ and AoA 
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in figure 2.8c is consistent with the negative pressure region of the upper wing surface being 
within a sector of 5° to 20° . Most notably, the border line between fore-and hind-wing as 
plotted in figures 2.8a, 2.8b encompasses the LEV regions at most of the AoAs except 60°and 
70°, implying that the forewing is capable of holding the conical LEV attached coherently at 
the leading edge and hence responsible for producing larger lift force if the mean AoA is less 
than 60°. 
 
Figure 2.7. (a) 3D iso-surface of 𝜆2-criterion at a constant level of 0.03, coloured with spanwise vorticity 
(Y+ is green, Y- is blue), together with the contours of pressure coefficient 𝐶𝑃 on the wing surface; (b) 2D 
local flow field of non-dimensional spanwise vorticity 𝜔𝑦
∗  and iso-lines of 𝜆2-criterion in cross-sections of 
18%, 36%, 54% WL (before LEV breakdown). Here 𝐶𝑝 = P/(
1
2
𝜌𝑈𝑡𝑖𝑝
2), 𝜔𝑦
∗ = 𝜔𝑦𝑅/𝑈𝑡𝑖𝑝. The angle of 
attack varies over a range from 20° to 80°. 
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Figure 2.8. The 𝐶𝑝-based (a) and 𝜆2-based (b) LEV distribution on wing surface (Note that imprint points 
cannot be detected on 𝐶𝑝 curves at AoA = 10
°), dash lines show the border-line between fore-and-hind-
wing of a hawkmoth wing; (c) relation between angle 𝛾 and AoA (10°to 80°). 
 
2.3.1.2 Reynolds number effect 
A wide range of the chord-based Reynolds numbers, from 169 up to 5.4 × 105, is taken 
into consideration to investigate the aerodynamic loading and the LEV structures of wings with 
different sizes. The angle of attack is fixed at 40°. As shown in figure 2.9a, the lift and torque 
coefficients show an increase with increasing Reynolds number until 104, while the power 
factor in this study keeps almost constant against Reynolds number. Similar trend of saturation 
in terms of Reynolds number was also reported by Garmann et al [37], but without taking into 
account the downwash from previous cycles. Time-varying  𝐶𝑙  (figure 2.9b) shows some 
pronounced variation at lower Re less than 103, whereas at higher Re it turns to be quite stable 
after the second wing cycle. Moreover the standard deviation is below 0.02 in the last wing 
cycle at Re = 5400. 
figure 2.10 further shows the pressure coefficients versus the non-dimensional chordwise 
position at 25%, 50%, 75% wing-length spanwise of the hawkmoth wing at three Reynolds 
numbers. At Re = 169, the 𝐶𝑝 on the upper wing surface shows a complete monotonicity in the 
first and second derivatives (figure 2.10a), and hence that the attachment of LEVs cannot be 
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detected anywhere chordwise. This implies that LEV does not reattach or shed off at this low 
Re [25]. Besides, as Re increases, the 𝐶𝑝-based imprint points can be determined as extreme or 
inflection points on the 𝐶𝑝 profiles (figures 2.10b, 2.10c).  
The viscous dissipation may stabilize the LEV when the Reynolds number is sufficiently 
small. At Re = 169, it is seen that the LEV keeps stable and attaches coherently onto the leading 
edge  without shedding (figure 2.11), corresponding to the similar 𝐶𝑝 profiles at three cross 
sections (figure 2.10a). At high Re, up to 5.4 × 104, the LEVs break down earlier and closer 
to the wing base, and become more compact inboard because of the shrinking recirculation 
bubbles (figure 2.11b).  
With respect to the LEV angle 𝛾, figure 2.11b shows the sectional isolines and vorticity 
contours to illustrate the vortex shedding. It is seen that the LEVs seem to keep shrinking at 
high Reynolds numbers greater than 5400. It is insightful to examine the imprint of the LEV 
on the wing platform as shown in figure 2.12. A distinguished difference is found in the area 
covered by the LEV between low and high Reynolds numbers, and the breakdown position of 
the LEV apparantly moves inboard with increasing Reynolds numbers. Figure 2.12c displays 
the LEV angle 𝛾 as a function of Reynolds number, which also shows a good agreement 
between the two methods. The angle 𝛾 shows an increase at lower Reynolds numbers less than 
675 due to the LEV expansion, but then declines gradually when Re exceeds a certain threshold, 
where the LEV happens to reattach on the wing surface, see figure 2.11b. Due to the dominating 
inertial force with the increasing Re, there obviously exsists a peak of angle 𝛾, which represents 
the balance of the inertial force which leads LEV expansion and separation, and the viscous 
force which holds the LEV development.  
Based on the relationship between the LEV angle 𝛾 and Reynolds number (figure 2.12c), 
it is remarkable that the LEV at the threshold of Re =675 locates near the border-line of fore-
and hind-wing (the dash lines on the wing surface in figures 2.12a, 2.12b), which implies that 
the forewing of the hawkmoth wing at low Re is incapable of enveloping the entire LEV and 
enhancing the force production. Therefore, it is reasonable to think that the fruitfly wing can 
benefit from the LEV mechanism because it has a merely single wing as broad as the integral 
fore- and hind-wing of hawkmoth wing, and that the frutifly wing is capable of enveloping the 
entire LEV at such a low Re around 100. 
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Figure 2.9. Aerodynamic loading of the revolving hawkmoth wings at AoA of 40°. (a) Lift and torque 
coefficients and power factor versus Reynolds number. (b) Instantaneous lift coefficient against non-
dimensional time t* at Reynolds numbers of 169, 675, 5400, 5.4 × 104, and 5.4 × 105, where t* is scaled 
with time period T. 
 
 
Figure 2.10. Pressure coefficients versus non-dimensional chordwise position at cross-sections of 25%, 
50%, 75% wing-length spanwise on a hawkmoth wing at Re = 169(a), 675(b), 5400(c).  
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Figure 2.11. (a) 3D iso-surface of 𝜆2-criterion at a constant level of 0.03, coloured with span-wise vorticity 
(Y+ is green, Y- is blue), together with the contours of pressure coefficient 𝐶𝑃 on the wing surface; (b) 2D 
local flow field of non-dimensional span-wise vorticity 𝜔𝑦
∗  and iso-lines of 𝜆2-criterion at cross-sections of 
18%, 36%, 54% WL (before LEV breakdown). Here 𝐶𝑝 = P/(
1
2
𝜌𝑈𝑡𝑖𝑝
2), 𝜔𝑦
∗ = 𝜔𝑦𝑅/𝑈𝑡𝑖𝑝 and Reynolds 
number varies from 169, 675, 5400, 5.4 × 104, up to 5.4 × 105. 
 
 
Figure 2.12. The 𝐶𝑝-based (a) and 𝜆2-based (b) LEV distribution on wing surface (note that imprint points 
cannot be detected on 𝐶𝑝 curves at Re of 100 and 169), dash lines show the border-line between fore-and-
hind-wing of  a hawkmoth wing; (c) relation between angle 𝛾 and Reynolds number (Re = 100, 169, 675, 
2800, 5400, 5.4 × 104, and 5.4 × 105). 
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2.3.2 Leading-edge vortex on different insect wings 
The morphology effects on LEV aerodynamics are first investigated by comparing the 
three wing models of the hawkmoth (HM), the bumblebee (BB) and the fruitfly (FF) (figure 
2.1a). Sizing effects or Reynolds number effects are further studied for the three wing models 
at three different Reynolds numbers of 100, 2800, and 5400, which are close to their hovering 
flights. Thus nine cases of simulations are carried out in toto, under the same wing kinematics 
at the angle of attack of 40°. Note that the specific AoA over a range from 40°to 50° has minor 
effect on aerodynamic performance, and this fact will be demonstrated later as the effect of 
angle of attack in §2.3.1.  
Time-averaged lift and torque (drag) coefficients and power factors are plotted and 
compared in figure 2.13. The power factors show prominent increase between Re = 100 and 
5400 in all the case of insect wings, however, the aerodynamic force coefficients show seldom 
dependency on wing morphologies but have a slight increase with increasing Reynolds 
numbers as it shows in the previous section. This can be explained through investigating the 
LEV angles 𝛾, the vortex structures and the pressure distributions as illustrated in figures 2.14, 
2.15 which are visualized selectively at three planar cross sections of 25%, 50% and 75% wing 
length (WL) for each Reynolds number. Interestingly, it is seen that the wings with different 
local chord lengths show almost the same size and shape of the LEV at all three Reynolds 
numbers, particularly in the proximal portion of the wing where breakdown does not occur.  
At Re = 100, the LEV structures are illustrated with 3D iso-surface of 𝜆2 and pressure 
contours on the wing surfaces with span-wise vorticity plotted at sectional planes (figure 2.14b). 
Obviously, the LEVs are stable and do not break down throughout the wing span, with little 
discrepancy in the three wing models. The three LEV angles 𝛾 are calculataed to be between 
10° and 14° (figure 2.14a). The pressure coefficients (𝐶𝑝) (figure 2.14c), that quantify the local 
aerodynamic loading with the horizontal axes normalized to the wing length, show a moderate 
decrease from the leading edge to the trailing edge. Importantly, it is observed that the 𝐶𝑝 
profiles of different wings coincide with each other at leading edge while the strength of LEV 
is almost independent upon the local chord length. 
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Figure 2.13. Comparison of lift (a) and torque (b) coefficients, and power factor (c) of the three insect 
wings at Reynolds numbers of 100 (fruit fly), 2800 (bumblebee) and 5400 (hawkmoth). 
 
Figure 2.14. Comparison of global and local LEVs and pressure loading (at cross-sections of 25%, 50% 
and 75% wing-length) among three wings of a fruit fly, a bumblebee and a hawkmoth at Re = 100, AoA = 
40°. (a) LEV angle 𝛾 (FF: fruit fly, BB: bumblebee, HM: hawkmoth. (b) Upper: 3D iso-surfaces of 𝜆2-
criterion at a level of 0.03, colored with span-wise vorticity (Y+ is green, Y- is blue); lower: 𝐶𝑝 contours on 
upper surfaces and 2D flow fields of non-dimensional span-wise vorticity 𝜔𝑦
∗  (𝐶𝑝 = 𝑃/(
1
2
𝜌𝑈𝑡𝑖𝑝
2), 𝜔𝑦
∗ =
𝜔𝑦𝑅/𝑈𝑡𝑖𝑝). (c) Sectional 𝐶𝑝 curves on wing surface (chordwise position 𝑥𝑙
∗ is scaled with wing length). 
At Re = 2800, the LEVs turn to be more conical (figure 2.15b) while the LEV angles 𝛾 are 
shifted into a range of 13° to 15° (figure 2.15a) with the lower bound increased slightly. The 
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vortex core is less diffused, seemingly breaking down at 75% WL spanwise. At 25% and 50% 
WL spanwise, the pressure gradient at the imprint point is remarkably large, which can be used 
to estimate the LEV size (see §2.3.1 for a comparison of different criteria). The 𝐶𝑝 profiles in 
three wings are plotted against the chord-wise position scaled with the wing length (figure 
2.15c), and showed the remarkably similar absolute chordwise distance of LEV imprint from 
the leading edge in the proximal portion of the wing. At 75% WL spanwise, because of the 
breakdown of the LEVs (figures 2.15b), the pressure distributions at the wing tip show a 
completely different feature compared to those at Re=100. The 𝐶𝑝 profiles against 𝑥𝑐
∗ which 
scaled with the local chord length (figure 2.15d) all coincide in the distal portion (75%WL). 
Thus, interestingly, the flow structures and negative pressure loading near the wing tip are less 
dependent on the LEV but do depend upon the local chord length. The pressure deficit 
decreases slightly from LE to TE, and the separated flow trends to be 2-D like which was 
discussed by Jardin [53]. It seems that the LEVs obviously result in lower negative local pressure 
coefficients of -10.0 at 25%WL but -2.5 at 75%WL. Therefore, integral aerodynamic forces 
are mainly produced in the proximal portion of the wing owing to the conical LEV, which 
strengthen the importance of the LEV invariance with respect to the wing shape. 
Furthermore, at Re = 5400, as seen from the similar force coeffcients in figure 2.13, the 
feature of LEVs shows slight discrepancy compared to that at Re = 2800, with the break-down 
positions moved to the proximal wing base. Such transition in the break-down point is likely 
due to the swirl angle of the streamlines in the LEV core [29] but unlikely dependent on the wing 
morphology. §2.3.1.2 will further give an extensive discussion on turbulent LEVs as well as 
the Reynolds number effects. 
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Figure 2.15. Comparison of global and local LEVs and pressure loading (at cross-sections of 25%, 50% 
and 75% wing-length) among three wings of a fruit fly, a bumblebee and a hawkmoth at Re = 2800, AoA 
= 40°. Similar with those in figure 6, (a) LEV angle 𝛾. (b) Upper: 3D iso-surfaces of 𝜆2-criterion; lower: 
𝐶𝑝 contours. (c,d) Sectional 𝐶𝑝 curves on the wing surfac against 𝑥𝑙
∗ and 𝑥𝑐
∗ (chordwise positions are scaled 
with wing length and local chord length, respectively).  
 
2.3.3 Impact of hindwing removing of bumblebee and hawkmoth on the leading-edge 
vortex aerodynamics 
Jantzen and Eisner [4] reported that Lepidoptera are capable of sustained free flight with 
the hindwings cut off. However, Buchwald and Dudley [5] reported that the bumblebee suffered 
great loss of vertical force when hindwing was removed, associated with a decrease in wingbeat 
frequency under a maximum load-lifting condition. The biological tests mentioned above 
investigated the function of hindwing in real flapping flight, which contains the complicated 
dynamic effects such as advanced pitch-up rotation, added mass and wake capture [10]. 
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Moreover, the inertial properties of the wings change with the removal of hindwings in 
Buchwald and Dudley’s experiment, thus the angle of attack varies in time differently, and the 
active control also occurs when insects lose their hindwings. Therefore, the discrepancy of 
aerodynamic performance between forewing and integral wing in a simple revolving motion 
with same angular velocity is studied in this section. 
In view of our results in the previous section, that show low sensitivity of the aerodynamic 
force production to wing morphology, it is conjectured that the removal of hindwings would 
not significantly reduce the aerodynamic force production of revolving wings. To test this 
hypothesis, an extensive study of the aerodynamic performance is carried out for bumblebee 
and hawkmoth wing models with the hindwings removed (figure 2.1a), which were 
implemented at their real Reynolds numbers identical to hovering flights, and at the same mean 
AoA = 40° . Note that the fruitfly wing model is not available because its hindwings are 
degenerated to halteres.  
Figure 2.16 presents a comparison of lifts, torques and power factors between the integral 
fore-hind-wing models and the single forewing models of bumblebee and hawkmoth. 
Surprisingly, both lifts and torques of the forewing models with the hindwings removed, keep 
almost the same magnitudes compared with the integral wing models. As to the corresponding 
lift coefficients, the forewing outstrips the integral wing, 1.473 to 1.344 in the bumblebee cases, 
and 1.516 to 1.321 in the hawkmoth cases. Nevertheless, the forewing also suffers an increase 
in torque coefficient, 1.072 to 0.972 in the bumblebee cases, and 1.090 to 0.972 in the 
hawkmoth cases. However, the correspongding force coefficients may not increase largly, due 
to the slight decrease of the second or third moment of wing area while the reduced hindwing 
is closer to the revolving axis. 
Moreover, the power factors (figure 2.16c) also show slight increase in bumblebee case 
with hindwing removing, however show slight decrease in hawkmoth case, keeping sufficient 
aerodynamic efficiency. Note that to ensure a consistent comparison between the forewing and 
integral wing models that appear to have different mean chord lengths due to the removal of 
hindwings, the same rotating frequency is set utilizing the wing length-based Reynolds number 
𝑅𝑒𝑙 = 𝑈𝑡𝑖𝑝𝑙/𝜈, 𝑈𝑡𝑖𝑝 = 2𝜋𝑓𝑙 
[25].  
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Figure 2.16. Comparison of lift forces ‘L’ (a) and torques ‘Q’ (b) and power factors (c) between insect 
wings with or without hindwings. Note that the bumblebee wing has a wing length-based Reynolds 
number 𝑅𝑒𝑙 = 11595 (a chord-based Reynolds number of 2800 for the integral wing) and a wing length-
based Reynolds number for the hawkmoth wing is 𝑅𝑒𝑙 = 17712 (a chord-based Reynolds number of 5400 
for the integral wing). 
 
Visualized conically structured LEVs as well as the corresponding negative pressure 
regions on the wing surfaces (figure 2.17) provide visible evidence, indicating that the forewing 
morphologies match well the formation of the LEVs in bumblebee and hawkmoth wings. A 
specific triangular portion of the negative pressure region on the upper surface (figure 2.17) is 
responsible for producing the aerodynamic forces. The triangular zone apparently matches the 
shape of the conical LEV, completely being enveloped within the forewing. Hence the 
hindwings are less important in influencing the LEVs. The forewing itself is capable of 
producing most of lift force and torque, which, owing to a reduction in wing area with the 
hindwing removed.  
Please note that the investigation of the local and overall lift contributed from LEV is 
implemented in this chapter, as well as the impact of hindwing removal, with the method 
employed by Phillips et al [36]. The result coincides with the LEV performance and the function 
of forewing showed in figure 2.16, 2.17. This part is showed in §2.3.4. 
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Figure 2.17. 3D iso-surfaces of 𝜆2-criterion at a constant level of 0.03, coloured with span-wise vorticity 
(Y+ is green, Y- is blue), and the contours of pressure coefficient 𝐶𝑃 on the wing surface. (a) Integral wing 
(left) and forwing (right) of a bumblebee. (b) Integral wing (left) and forwing (right) of a hawkmoth. 
 
Furthermore, the angle of attack effect (figure 2.18) and the Reynolds number effect (figure 
2.19, table 2.3) are investigated in the hawkmoth wing models of both integral and forewing. 
Dimensionless lift coefficient 𝐶𝑙, torque coefficient 𝐶𝑞, as well as glide ratio 𝐶𝑙/𝐶𝑞 and power 
factor see equation (2.13), are plotted in figure 2.18 as functions of the angle of attack. In the 
case of same lift production (wing loading) before and after hindwing removing, forewing 
shows higher 𝐶𝑙 at low AoA (<50
°) but lower 𝐶𝑙 at high AoA (>50
°), meanwhile shows lower 
𝐶𝑞 when AoA exceeds 60
° compared with the integral hawkmoth wing. In terms of glide ratio 
showed in figure 2.18c, the discrepancy between the two models becomes rather negligible, 
however the forewing has global decrease in power factor (figure 2.18d) compared with the 
integral wing, which implies the hindwing removing has mild impact against Reynolds number 
on the aerodynamic power. 
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Table 3. The lift, torque coefficients and power factor against the wing length-based Reynolds number for 
the integral wing and forewing cases (data set for figure 2.18) 
𝑅𝑒𝑙= 5.49E2 2.19E3 1.75E4 1.75E5 1.75E6 
Lift 
coefficient 
Integral wing 1.110 1.226 1.321 1.378 1.381 
Forewing 1.063 1.275 1.516 1.546 1.586 
Torque 
coefficient 
Integral wing 0.856 0.907 0.972 1.026 1.018 
Forewing 0.839 0.952 1.072 1.081 1.107 
Power 
factor 
Integral wing 1.297 1.497 1.562 1.577 1.594 
Forewing 1.306 1.512 1.714 1.777 1.805 
 
 
Figure 2.18. Comparison of lift (a) and torque (b) coefficients glid ratio Cl/Cq (c) and power factor (d) 
versus angle of attack between the intergal wing and forewing of hawkmoth at Re = 5400. 
 
Figure 2.19 shows the Reynolds number effect at AoA = 40° on the forewing and the 
integral wing, both lift and torque coefficient are higher on forewing except at lowest 𝑅𝑒𝑙 =
549 . The lift coefficient becomes relatively steady at high Reynolds number ( 𝑅𝑒𝑙 >
1.75 × 104), with about 15% increase from hindwing reducing. In the other hand, the torque 
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coefficient only has increased about 9% on forewing. However, when the power efficiency is 
compared between the two wings, PF is rather close at high Reynolds number. Finally, it is 
worth noting that forewing has bad performance not only in lift coefficient but also in power 
efficiency at the low Reynolds number 𝑅𝑒𝑙=549, i.e., 𝑅𝑒𝑐=169 (identical to a hovering fruitfly). 
 
Figure 2.19. Lift, torque coefficients and power factor against wing length-based Reynolds number 
measured on forewing and integral wing models of a hawkmoth at AoA = 40°. 
 
2.3.4 Morphology effect on LEV lift 
For revolving and flapping wings at low Reynolds number, LEV plays an essential role in 
producing lift force [12, 24, 36]. Our simulation shows the forewings of hawkmoth and bumblebee 
can produce almost the same amount of lift force as the integral wings, see figure 2.16a. In this 
section, further investigation is carried out on the lift force contributed from LEV [36]. The local 
LEV lift is caculated as the function of LEV circulation and local inflow velocity, which is 
known as the Kutta–Joukowski theorem, 
 ?̂?𝑳𝑬𝑽 = 𝝆?̂??̂?𝑳𝑬𝑽 ,         (2.15) 
where ?̂?𝐿𝐸𝑉, ?̂? and ?̂?𝐿𝐸𝑉 denote local LEV lift, local inflow velocity and local LEV circulation, 
respectively, 𝜌 is the air density. The LEV circulation is calculated by the areal integral of 
spanwise vorticity in the region of LEV, of which the boards are defined as the isolines of 𝜆2-
criterion at a constant level of 0.03. Sectional LEV lift against spanwise position of the 
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hawkmoth (𝑅𝑒𝑙 = 17712, or 𝑅𝑒𝑐 = 5400) and the bumblebee (𝑅𝑒𝑙 = 11595, or 𝑅𝑒𝑐 = 2800) 
are plotted in figure 2.20a, integral wings and forewings are compared.  
 
Figure 2.20. Sectional LEV lift against spanwise position of the integral wing and forewing of hawkmoth 
(HM) and bumblebee (BB) at AoA = 40° (a) and AoA = 10° (b). The lift forces on the forewings and the 
integral wings of hawkmoth (c, d) and bumblebee (e, f), ‘Overall lift’ denotes the lift force calculated 
directly from CFD simulation, ‘LEV lift’ denotes the lift contribution of LEV integrated by the sectional 
LEV lift. 
 
The result shows nearly the same distributions of the local LEV lift when the hindwings 
are removed, see figure 2.20a, 2.20b. In addition, the LEV lift force along the span is studied 
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in the hawkmoth case (figure 2.20c, 2.20d) and the bumblebee case (figure 2.20e, 2.20f). The 
results show the hindwing removal has little impact on the LEV lift force, as well as the overall 
lift force measured from CFD, for both the hawkmoth and bumblebee wings at low (10°) and 
high (40°) angle of attack. 
However, the integrated LEV lift forces of both the forewing and the integral wing show 
remarkable increase compared to the overall lift, for the bumblebee wing at low and high AoA, 
as well as the hawkmoth wing at low AoA (see figure 2.20d, 2.20e, 2.20f). A potential reason 
of the discrepancy is that the local lift estimation by Kutta–Joukowski formula and the 
spanwise integral for a revolving wing neglect the contribution of spanwise velocity to the 
pressure deficit on the suction side of the wing [30]. In addition, the LEV lift force is sensitive 
to the definition of LEV circulation in our ongoing research. Therefore it may be inaccurate in 
estimating the LEV contribution to the forces, and this topic extends much beyond the scope 
of our current paper. 
2.4 Discussions 
Insects show diversity of wing design in terms of wing morphology. Many four-winged 
flying insects have forewings and hindwings, which are coupled mechanically to achieve 
flapping flight synchronously while being driven by the action of forewings. However the 
aerodynamic roles of the forewings and the hindwings as separate morphological elements in 
flapping flights remain unclear yet. A revolving wing model, which works simply but produces 
similar LEVs as the flapping wings do in insect flights, is employed in this study to answer this 
question. Surprisingly it is found that the single forewing models with the hindwings removed 
are capable of producing most of the aerodynamic forces in two revolving insect wing models, 
which are identical to the wing morphologies, Reynolds numbers and mean angles of attack in 
hovering flights of a bumblebee and a hawkmoth. Meanwhile, an additional model of fruit fly 
is studied for its distinctive single wing and low Reynolds number. The forewings produce 
most of the aerodynamic forces which are mainly created at the leading edges, and the 
mechanisms are associated with the formation and structures of the leading-edge vortices, 
which show less sensitivity to the wing morphology in terms of lift force, torque and power 
factor (figure 2.13-2.19).  
As illustrated in figure 2.17, it is seen that the largest contribution to the aerodynamic force 
production is owing to the low-pressure “imprint” of the LEV on the upper wing surface. The 
aerodynamic performance of a revolving wing is determined by the strength and the size of the 
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LEV. It is observed that the attached LEV has an effectively conical shape expanding from the 
wing base outwards, until it breaks down somewhere at mid-span, r/R > 0.5 (r is local radius, 
R is the wing tip radius) and connects to the wingtip vortex. To quantify and visualize the 
LEV’s strength and size, the sectional profiles of the pressure coefficient 𝐶𝑃 is taken into 
consideration, which is necessary to get the imprint points for defining the “LEV angle” 𝛾. 
These measures are less sensitive to the wing morphologies as seen in figure 2.14, 2.15. The 
relatively large variation of angle 𝛾 occurs at Re = 100 (10° to 14°) compared with that (13° 
to 15°) at Re = 2800, see figure 2.14a, 2.15a, but angle 𝛾 appears to be more sensitive to the 
changes in Reynolds numbers (figures 2.12), as well as angle of attack (figure 2.8) rather than 
wing shape.  
It is worthy to note that, if locally the chord length c(r) is sufficiently large, the LEV is 
nominally unaffected by the presence of the trailing edge. In addition, if it is far from the wing 
tip, the wing length is also unimportant for the local vorticity dynamics. The dominant direction 
for advection is from base to tip and from the leading edge to the trailing edge. Previous studies 
have identified the following potentially important mechanisms to shape the LEV: the vorticity 
production at the leading edge and span-wise advection [13, 29, 30], Coriolis forces that curve the 
vortex centerline towards the trailing-edge [54], vorticity transport and annihilation [55]. Even 
though the relative importance of these factors may vary, all of them are, in fact, independent 
of the wing morphology (planform). The only constraint that they impose on the chord length 
is that it must be appreciably larger than the local width of the LEV. Indeed, Kolomenskiy et al 
[32] showed that wings that satisfied c(r)/r > 0.36 condition at all span-wise locations r produced 
stable LEVs, but the wings with c(r)/r < 0.33 generated vortex streets all along the wing span.  
These results and reasoning are supported by recent experiments [33] with rectangular wings 
(c(r) = const) , of which AR largely varied from 2 to 10. The nominally attached conical LEVs 
were observed over the proximal portion of the wings (c/r > 0.25) for most of AR > 4. Vortex 
shedding was found to occur at the outboard stations (c/r < 0.25), where the chord length was 
too small to support the expanding conical LEV. Similar flow topology was also reported by 
Garmann and Visbal [41] using numerical simulations. 
A corollary is that the optimal shape of revolving wings is the one that expands from wing 
base to wing tip, similar to the forewings shown in figure 2.17, which is consistent with the 
fact that hindwings are unnecessary for flight [4]. Most insects, however, have hindwings. 
Diptera have wider wings than the forewings of other insects. Jantzen and Eisner [4] suggested 
that hindwings enhance maneuverability, however, the exact mechanisms of the hindwing 
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function remain unclear yet. 
In term of aerodynamic power efficiency, Nabawy and Crowther [27] represented different 
wing shapes (AR = 4) by beta chord distribution. Quasi-steady aerodynamic modeling indicated 
that the wider chord in the portion of the wing led to less induced power requirement due to 
the non-uniform downwash effect. That meant the function of hindwing mainly broadening the 
proximal portion was to reduce the power consumption due to downwash. Our results for the 
power efficiency of expanding wing shapes thus agrees with those ealier result, see figure 2.18d, 
which shows the higher power factors in the integral wing cases (with hindwing) at low Re 
(below 104, insect flight level). 
In spite of the decreased capability of load-lifting, however, Buchwald and Dudley [5] 
suggested the bumblebees achieved much the same effective wing loading, power efficiency 
in other words, during maximum lifting when their hindwings were removed. Furthermore, the 
bumblebee with hindwing removed actively slowed down the flapping motion, because of the 
inability of compensating the contribution of hindwing, which possibly showed during wing 
pronation and supination, thus remained as an open question. Note that, the biological 
experiment of bumblebees involved the complicated mechanisms like the dynamic effect in 
flapping motion [10], the variation of inertial properties and the active wing control when 
hindwing was removed. However, our simulations in current study are not able to cover those 
mechanisms in Buchwald and Dudley’s experiment, therefore the power efficiency cannot be 
compared between the two studies. 
Yet another possible function is that wing flexibility modifies the effective shape, and 
hindwings may be important for the dynamic twist and camber modulation. The aerodynamic 
function of insect hindwings therefore remains an interesting topic for future work.  
2.5 Conclusion  
In this study, a systematic CFD analysis of revolving wing aerodynamics is carried out in 
terms of the leading-edge vortex with a specific focus on wing morphology effects on 
aerodynamic force production. With three different but typical planar shapes of insect wings of 
a fruitfly, a bumblebee and a hawkmoth, the results however leads to substantially similar LEV 
dynamics and hence aerodynamic performance: the single forewings of the bumblebee and the 
hawkmoth match the formation of leading-edge vortices and hence dominate the aerodynamic 
force production. As to the force coefficients, the forewings and the integral wings differ much 
in a range of AoA and Re. The forewing of hawkmoth benefits from the hindwing reduction in 
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Cl at Re > 675 and the AoA around 20° to 50°(figure 2.18a, 2.19). For the aerodynamic power 
efficiency, the integral hawkmoth wing achieves higher power factor at all the AoAs and the 
low Re < 104(figure 2.18d, 2.19). 
To quantify the LEV dynamics, two methods are proposed to define and calculate the LEV 
angle 𝛾 as a convenient measure to estimate the LEV size. Our results indicate that the LEV 
angle substantially depends on both angle of attack and Reynolds number but falls within a 
range of 5 to 20 deg from the leading edge. There also exists a critical Reynolds number around 
675 in concern with the forewing’s aerodynamic performance, at which the LEVs show 
reattachment onto the wing surface, corresponding to the maximum LEV angle 𝛾. 
However, the LEV-based aerodynamic effects of wing morphology in flapping flight needs 
to be further confirmed, and moreover the aerodynamic function of hindwings remains an open 
question for future work. 
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Chapter 3  
 
Analytical closed-form 
solution for leading-edge 
vortex on a rotary wing at 
𝟗𝟎°angle of attack and at low 
Reynolds number 
 
In this chapter, a novel analytical model for the vortex generated at the edge of a 
rotary wing. The model can be applied with assumptions only for the rectangular 
wings at 90° angle of attack and at a small range of low Reynolds number, 
however, its quick and accurate estimate of vortex properties opens new 
perspectives for reduced order modelling of the LEV. 
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3.1 Introduction 
Separated flows over flapping or revolving flat plates have gained attention over the past 
decades in the context of animal locomotion and insect flight in particular. The wings of insects 
have sharp edges that generate leading-edge vortices (LEVs) responsible for the high lift 
coefficient at large angles of attack [1-2]. The aerodynamics of flapping wings combines multiple 
lift enhancement mechanisms. However, experiments with unilaterally rotating wings by 
Maxworthy [3], Usherwood & Ellington [4] and Lentink & Dickinson [5] have shown lift 
enhancement and LEV structures similar to flapping wings in the middle of the downstroke 
and upstroke, and it has been recognized that the three-dimensional character of the flow is 
important therewith.  
The shape of an LEV on a flapping or a revolving wing is approximately conical: it 
expands with the distance from the axis of revolution until it separates at some spanwise 
location where its size becomes commensurate with the wing local chord length [6]. The conical 
vortex leaves a triangular low-pressure footprint on the upper surface near the leading edge of 
the wing, thus producing net lift. This effect persists over a wide range of flow regimes, despite 
transitions from a steady laminar diffuse LEV when the Reynolds number is of order Re = 100 
to a more compact conical vortex core at Re = 1000, then to a turbulent LEV at Re of order 
10000 [4, 7]. It is likely that the spanwise flow from the wing root to the tip is critical for shaping 
up a steady LEV by removing the vorticity spanwise and depositing it into a trailing vortex [2-
3]. Alternative explanations based on particle image velocimetry (PIV) measurements include 
the effect of downward flow induced by tip vortices [8] and vorticity annihilation due to 
interaction between the LEV and the opposite-sign layer on the wing [9].  
As compared with the substantial amount of recent experimental and numerical work [10], 
only few analytical or low-order models have been proposed to understand the LEV dynamics 
of revolving wings. Maxworthy [11] derived an estimate for the spanwise velocity. Limacher et 
al. [10] studied the role of Coriolis accelerations. However, no estimate has been proposed for 
such an important quantity as the circulation. In § 3.2 of the present paper, closed-form 
expressions are derived in elementary functions for the circulation and the position of the edge 
 Chapter 3   Analytical closed-form solution for leading-edge vortex on a rotary wing at 90° angle of attack 
and at low Reynolds number 
51 
 
vortex. For simplicity, attention can be restricted to a rectangular plate at 90° angle of attack. 
The edge vortex of this plate is nominally similar to the LEV of a plate at any large angle of 
attack, with the main difference of the downwash vanishing at the angle of 90° . Good 
agreement with the numerical solution of the incompressible Navier–Stokes equations shown 
in § 3.3 suggests that, for the conditions examined, the vorticity production at the edge and its 
subsequent transport downstream and spanwise are probably the main effects that explain the 
circulation and the location of the vortices observed in the numerical simulations. The 
implications of these findings and perspectives for future improvement of the model are 
discussed in § 3.4. 
3.2 Basic vortex theories and mathematical formulations 
The wing considered in this study is a flat plate with sharp edges. It is set at a constant angle 
of attack of 90° and revolves with a constant angular velocity Ω about the vertical axis, as 
shown in figure 3.1a. For simplicity of the analysis, it is supposed that the planar shape of the 
plate is rectangular with length R and chord c, and that the axis of revolution passes through 
the root edge. Owing to the top–bottom symmetry of the set-up, only the flow above the 
symmetry plane is studied, and the ‘edge vortex’ refers to the vortex near the top edge of the 
plate, unless the opposite is explicitly stated. 
3.2.1 Line vortex model for three-dimensional (spanwise) vorticity transport 
Earlier studies have revealed a nominally conical shape of the edge vortex, which expands 
from the root towards the tip of the plate. In a reference frame revolving with the plate, the 
flow is essentially in the azimuthal direction and in the spanwise direction from the root to the 
tip. Therefore, the flow over the nearest sharp edge is likely to be the key factor that determines 
how the edge vortex develops over the proximal portion of the plate. The influence of the finite 
span of the plate only becomes strong near its distal part, and this effect is neglected in the 
present analysis. 
The effect of the finite chord length is taken into account approximately by using potential 
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flow asymptotics for the velocity. Thus, the viscous flow in a small neighbourhood around the 
edge is dominated by the separation that produces vorticity. In two-dimensional flows, or if the 
plate is in pure translation, the vorticity accumulates in the near-wake region until it sheds as a 
separated vortex. The flow topology changes dramatically due to the presence of the spanwise 
flow that removes the vorticity from the edge vortex and deposits it into a trailing vortex when 
the wing revolves [2, 3, 5]. Hence, among all of the effects that have any influence on the edge 
vortex properties, it can be postulated that two phenomena are of utter importance: (i) vorticity 
production and (ii) three-dimensional transport of the vorticity. Using approximate models of 
these two phenomena, the desired estimates are derived for the edge vortex position and 
circulation. 
 
Figure 3.1. (Colour online) (a) Drawing of a revolving plate highlighting the edge vortex domain 
considered in our analysis. (b) Line vortex model and the radial position of a Lagrangian vortex element at 
consecutive time instants 𝜏1, 𝜏2 and 𝜏3. (c) Two-dimensional point vortex approximation of the flow. (d) 
The flow domain in the physical plane z and in the preimage plane 𝜉. 
 
The next important step is to approximate the diffuse vortex core by a thin vortex line that 
originates from the root and extends towards the tip of the plate (see figure 3.1b). An element 
dr of that line vortex at a distance r from the axis of revolution substitutes for the radial vorticity 
in the fluid contained between two virtual cylinders of radii r and r + dr. Our model neglects 
the vorticity components in directions other than radial. The error is estimated a posteriori in 
Appendix 3A. It is straightforward to follow the path of a selected Lagrangian element of the 
line vortex as its distance from the axis of revolution r(τ) increases in time τ due to the spanwise 
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advection, and use the Brown–Michael vortex to estimate the vorticity produced at any r. The 
Lagrangian vortex particle moves spanwise with velocity 𝑉𝑟 such that dr/dτ =𝑉𝑟(𝑟). Here the 
spanwise velocity is proposed to be related to the inflow velocity U(r) as (r) 
𝑉𝑟 = 𝐾𝑠𝑝𝑈, where 𝑈 = 𝛺𝑟,                                              (3.1) 
and earlier research by Maxworthy [11] and Limacher et al. [10], as well as our numerical 
simulations, suggest that it is adequate to assume 𝐾𝑠𝑝 = const. After integration 
𝑟(𝜏) = 𝑟0𝑒
𝐾𝑠𝑝𝛺𝜏 and 𝑈(𝜏) = 𝛺𝑟0𝑒
𝐾𝑠𝑝Ω𝜏,                                     (3.2) 
are obtained, where 𝑟0 is an integration constant. The three-dimensional steady problem is thus 
reduced to a two-dimensional unsteady problem of vortex dynamics on a cylinder of radius r(τ), 
and substitute it with a Brown–Michael model of the flow over a sharp edge (see figure 3.1c). 
All three-dimensional effects other than the spanwise advection are neglected at this point. 
3.2.2 Brown–Michael model for two-dimensional vorticity production by leading-edge 
The Brown–Michael model for the flow past a semi-infinite plate perpendicular to the free 
stream was solved by Cortelezzi [12]. The method in this chapter briefly repeats the derivation 
with only a slight modification of explicitly entering the chord length c in the equation, for ease 
of comparison with numerical simulations. The physical flow domain is an infinite space with 
a vertical plate immersed in the fluid. The origin of the coordinate system z =0 is at the top 
edge of the plate. Using a conformal mapping 
𝑧 = 𝑔(𝜉), where 𝑔(𝜉) = −𝑖𝜉2/𝑐,                                               (3.3) 
the leading-order term of the flow near the edge is mapped on the complex half-plane, as shown 
in figure 3.1d. The point vortex has strength 𝛤1 and position 𝑧1 that vary in time τ, and in the 
following explicit solutions are derived for these two quantities. Since it is obvious that the 
flow generates a clockwise vortex, this chapter follows the convention of Cortelezzi [12] that 
assumes that clockwise circulation is positive. The complex potential of the flow is equal to 
𝑊(𝜉, 𝜏) = 𝑈(𝜏)𝜉 −
𝛤1(𝜏)
2𝜋𝑖
ln
𝜉−𝜉1(𝜏)
𝜉−𝜉1
∗(𝜏)
.                                          (3.4) 
The Kutta condition is satisfied if 
∂W
∂ξ
= 0 at ξ = 0, which determines the circulation 
 𝛤1(𝜏) = 2𝜋𝑖
𝜉1(𝜏)𝜉1
∗(𝜏)
𝜉1(𝜏)−𝜉1
∗(𝜏)
𝑈(𝜏).  (3.5) 
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The unknown position of the vortex 𝜉1 is obtained from the Brown–Michael equation 
 
𝑑𝑧1
∗
𝑑𝜏
+ 𝑧1
∗ 1
𝛤1
𝑑𝛤1
𝑑𝜏
= ?̃?∗,  (3.6) 
with 𝑧1
∗(0) = 0 as the initial condition. The de-singularized complex conjugate velocity of the 
point vortex in the physical plane is equal to 
 ?̃?∗ =
𝑖𝑐
2𝜉1
{𝑈(𝜏) −
𝑖𝛤1(𝜏)
2𝜋
1
𝜉1(𝜏)−𝜉1
∗(𝜏)
−
𝑖𝛤1(𝜏)
4𝜋
𝑔′′(𝜉1(𝜏))
𝑔′(𝜉1(𝜏))
}.  (3.7) 
After substituting (3.7), (3.5) and (3.3) into (3.6), an ordinary differential equation for 𝜉1 is 
obtained as follows, 
 (2i𝜉1
∗ +
𝑖𝜉1𝜉1
∗
𝜉1−𝜉1
∗)
𝑑𝜉1
∗
𝑑𝜏
−
𝑖𝜉1
∗3
𝜉1(𝜉1−𝜉1
∗)
𝑑𝜉1
𝑑𝜏
+
𝑖𝜉1
∗2
𝑈
𝑑𝑈
𝑑𝜏
=
𝑖𝑐2
2𝜉1
(𝑈 −
𝑖𝛤1
2𝜋(𝜉1−𝜉1
∗)
−
𝑖𝛤1
4𝜋𝜉1
),  (3.8) 
with the initial condition 𝜉1(0) = 0. In the polar coordinates 𝜌1 and 𝜃1 such that 𝜉1 = 𝜌1𝑒
𝑖(
𝜋
2
−𝜃1), 
equation (3.8) is equivalent to a system of two equations, 
 
𝑑𝜌1
𝑑𝜏
=
𝑐2𝑈
12𝜌12
sin 𝜃1 −
𝜌1
3𝑈
𝑑𝑈
𝑑𝜏
,  (3.9a) 
 
𝑑𝜃1
𝑑𝜏
=
𝑐2𝑈
8𝜌13
cos 2𝜃1
cos 𝜃1
,  (3.9b) 
with the initial conditions 
 𝜌1(0) = 0,  (3.10a) 
 𝜃1(0) = 𝜃0, 𝜃0 ∈] − π/2, π/2[.   (3.10b) 
After the change of variables 𝜂 = 𝑈𝜌1
3/𝑐2, 𝛩 = sin 𝜃1 and 
 ?̃? = ∫ 𝑈2(𝜏′)𝑑𝜏′ = Ω𝑟2/(2𝐾𝑠𝑝)
𝜏
−∞
  (3.11) 
which makes use of (3.2), equations (3.9) transform into 
 
𝑑𝜂
𝑑?̃?
=
𝛩
4
, 
𝑑𝛩
𝑑?̃?
=
1−2𝛩2
8Υ
,  (3.12a,b) 
With Υ(0) = 0 and 𝛩(0) = 𝛩0 ∈ ] − 1, 1[.Combining the two equations, an equation of the 
second order is obtained, 
 
𝑑2( 𝜂2)
𝑑?̃?2
=
1
16
,  (3.13) 
which has two branches of the solution 𝜂 = ±?̃?/√32 satisfying the desired boundary condition, 
and here the ‘+’ sign is the physically relevant one. Therefore 𝛩 = √2/2 and 
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 𝜌1 = (
𝑐2?̃?
25/2𝑈
)1/3, 𝜃1 =
𝜋
4
.  (3.14a, b) 
Noting that ?̃?/𝑈 = r/(2𝐾𝑠𝑝) and mapping the solution to the physical plane using (3.3), finally 
the position of the vortex is obtained as a function of distance r from the axis of revolution, 
 
𝑧1
𝑐
=
1
2
7
3𝐾𝑠𝑝
2
3
(
𝑟
𝑐
) 
2/3
,  (3.15) 
Even though 𝑧1 is a complex number by definition, the imaginary part of (3.15) is zero. The 
circulation is obtained from (3.5). In polar coordinates it simplifies to 𝛤1 = 𝜋𝜌1𝑈/ cos 𝜃1 , 
yielding 
 
𝛤1
𝛺𝑐2
=
𝜋
(4𝐾𝑠𝑝)
1
3
(
𝑟
𝑐
) 
4/3
,  (3.16) 
Equations (2.15) and (2.16) are the main results of this paper. 
3.3 Numerical methods 
For validation of the theoretical model, the established tools of computational fluid 
dynamics (CFD) is utilized. The incompressible three-dimensional Navier–Stokes equations 
are solved using a commercial finite-volume code ANSYS CFX 14.5. A plate with the chord 
length c = 1 mm and uniform thickness 0.02c is employed. The distance from the axis of 
revolution to the tip is equal to R = 6c in all numerical simulations except the one that is 
described separately at the end of § 3.4.1. The plate is immersed in a spherical inner domain of 
radius 10c, and both rotate around the vertical axis with an angular velocity that gradually 
increases with time t as 0.5𝛺(1 −  cos(π𝑡/𝑡𝑎𝑐)) until it becomes equal to 𝛺 , then remains 
constant during all  𝑡 > 𝑡𝑎𝑐 
[13]. The acceleration time is equal to 0.0835T, where T = 2π/𝛺. 
The outer stationary domain is a cuboid with its top, bottom and side far-field boundaries 
located at, respectively, 120c, 120c and 80c to 0.0835T, where 𝑇 =  2π/ 𝛺   The outer 
stationary domain is a cuboid with its top, away from the centre of the inner spherical domain. 
The domains are discretized with hexahedral meshes of high quality, with the minimum grid 
spacing adjacent to the wall surface 𝛿𝑚𝑖𝑛 = 0.1√𝜈𝑐/(𝛺𝑅). The general grid interface (GGI) 
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technique is applied to connect the two domains in a multiple frame of reference (MFR), and a 
moving grid method is utilized in the inner domain. The grids have about 2.54 million cells in 
the simulations with 𝛺 equal to 130, 260 and 520 𝑠−1. The case of 𝛺 = 1300 𝑠−1 requires 4.61 
million cells to ensure the same accuracy. The Courant number is approximately equal to 1 in 
all simulations. The kinematic viscosity of the fluid is equal to ν = 1.56 × 10−5𝑚2𝑠−1. The 
near field of the plate reaches a seemingly steady state by t = 0.8T; therefore, instantaneous 
flow fields at that time instant are used for comparison with the theoretical estimates. 
3.4 Results and discussions 
3.4.1 Comparison between the analytical and the numerical solutions 
The output of our model is the circulation (3.16) and the position (3.15) of the vortex as 
functions of r/c. These are well-defined quantities for a line vortex, but there exist many 
alternative definitions of a vortex when it has a diffuse core. For an objective comparison 
between the theoretical estimates and the CFD results, let us not restrict our attention to the 
vorticity in the core. Instead, since the flow over the plate at 90° is symmetric, let us consider 
the circulation 𝛤∑(𝑟) obtained by integrating the radial vorticity component 𝜔𝑟 over the entire 
half-cylinder surface of radius r above the symmetry plane shown with green dashed lines in 
figure 3.1a. When using 𝜔𝑟 obtained from the CFD, the vertical extent of the domain is 
truncated at 𝐿𝑦/2 = 10𝑐, yielding 
 𝛤∑
𝐶𝐹𝐷 = ∫ ∫ 𝜔𝑟
𝐿𝑦/2
0
𝑟𝑑𝑦𝑑𝜙
2𝜋
0
,  (3.17) 
where y is the vertical coordinate and 𝜙 is the azimuthal coordinate. 
 On the other hand, in the theoretical model, the line vortex substitutes for all vorticity in 
the entire domain with the exception of the boundary layers on the plate. The boundary layer 
vorticity is represented by the ‘bound’ circulation along a contour that intersects with the plate 
but does not encompass the point vortex in the physical fluid domain. The bound circulation of 
a half-plate is estimated using the values of W given by (3.4) at c/2 distance from the edge, on 
the pressure and on the suction side of the plate (see Appendix 3B for the derivation), resulting 
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in 
 
𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒
𝛺𝑐2
= √2
𝑟
𝑐
−
𝛤1
𝛺𝑐2
(
1
2
+
1
𝜋
arctan
1−2𝑧1/𝑐
2√𝑧1/𝑐
),  (3.18) 
where 𝑧1 is a real number, as given by (3.15). The theoretical estimate for 𝛤∑
𝐶𝐹𝐷 is therefore 
 𝛤∑
𝑡ℎ𝑒𝑜𝑟𝑦 = 𝛤1 + 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒,  (3.19) 
with the two components on the right-hand side evaluated using (3.16) and (3.18), respectively. 
Figure 3.2a-d presents a comparison between 𝛤∑
𝑡ℎ𝑒𝑜𝑟𝑦 and 𝛤∑
𝐶𝐹𝐷 at different flow regimes 
characterized by the root-based Reynolds number 𝛺𝑐2/𝜐 in the range between 8 and 83. The 
equivalent Reynolds number based on the wing-tip velocity and the chord length 𝑅𝑒 = 𝛺𝑅𝑐/𝜐 
is in the range Re= 50–500. All quantities are normalized. The agreement between the 
theoretical and the numerical results is good in all cases. The shape of the profiles makes the 
theoretical 4/3 power law apparent, while the good pointwise agreement is ensured by 
substituting 𝐾𝑠𝑝 with a fit 
 ?̃?𝑠𝑝 = 0.078√𝛺𝑐2/𝜐  (3.20) 
that minimizes the root-mean-square error, as discussed in the next section. Note that, even if 
?̃?𝑠𝑝 depends only on 𝛺𝑐
2/𝜐, the dimensionless circulation (2.16) and position (2.15) depend 
on r/c as well. It is straightforward, however, to derive a normalization that yields normalized 
𝑧1 and 𝛤1 being functions of the root-based Reynolds number only:  
 
𝑧1
(𝑟2c)
1
3
= 1.087(
𝛺𝑐2
𝜐
)−1/3,  (3.21a) 
 
𝛤1
(𝑟2c)
2
3
= 4.632(
𝛺𝑐2
𝜐
)−1/6.  (3.21b) 
Similar expression can be written in terms of the local spanwise Reynolds number 𝛺𝑅𝑐/𝜐. 
As Re increases, 𝛤∑ becomes smaller. This is related to the vortex becoming nearer to the 
edge, as shown in figure 3.2e–h, in terms of the components of the distance between the edge 
of the plate z𝑒dge and the vorticity central line 𝑧∑ in the directions perpendicular and parallel 
to the plate, 𝑑⊥ = Re(𝑧∑ − 𝑧𝑒𝑑𝑔𝑒)  and 𝑑∥ = Im(𝑧∑ − 𝑧𝑒𝑑𝑔𝑒) , respectively. The vorticity 
central line 𝑧∑(r) in the CFD is calculated as 
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 𝑧∑
𝐶𝐹𝐷 =
1
𝛤∑
𝐶𝐹𝐷 ∫ ∫ (𝑟𝜙 + 𝑖𝑦)𝜔𝑟𝑟𝑑𝑦𝑑𝜙
𝐿𝑦/2
0
2𝜋
0
.  (3.22) 
This definition is equally suitable for flows at any Re, including those cases when it is difficult 
to identify the vortex core. Its counterpart in the line vortex model is 
 𝑧∑
𝑡ℎ𝑒𝑜𝑟𝑦 =
𝑧1𝛤1+𝑧ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒
𝛤1+𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒
,  (3.23) 
where 𝑧ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 is calculated using the distribution of bound vorticity over the plate, as 
explained in Appendix 3B. The agreement between the theoretical estimate and the results of 
the numerical simulation is the best over the inner central part of the plate. When r/c > 5, the 
wing-tip effects become dominant and the vorticity spreads far behind the plate in the CFD 
results. This effect is beyond the limitations of our theoretical model of the edge vortex, which 
neglects aerodynamic interactions with the wing tip.  
 
Figure 3.2. Comparison between the theoretical estimates and the CFD results for the circulation 𝛤𝛴 over a 
cylinder surface of radius r (a–d), and the distances between the edge and the vorticity centroids in the 
directions parallel and perpendicular to the plate, 𝑑∥ and 𝑑⊥, respectively (e–h). Estimates for the point 
vortex circulation 𝛤1, the components of its distance to the edge 𝑑∥, 𝑑⊥, and the half-plate circulation 
𝛤half −plate are added for reference. All quantities are normalized. 
 
When Re is sufficiently large, the edge vortex has a distinguishable core of large axial 
vorticity. Let us compare its properties with the line vortex model estimate at 𝛺𝑐2/𝜐 = 83. In 
PIV experiments as well as in numerical simulations, the circulation is usually calculated by 
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summing up the spanwise vorticity contained in flat rectangular windows (cf. Carr, DeVoria & 
Ringuette [14]). Therefore, in this example, flat windows of height c and width 0.5r are also 
used, shown as grey shaded areas in figure 3.3a. Sectional isolines of the vorticity component 
perpendicular to the integration planes reveal the vortex core. The white line superimposed on 
figure 3.3a shows the theoretical estimate (3.15) for the top edge vortex line. It passes through 
the vorticity core, which means that 𝑧1 calculated using the line vortex model is a reasonable 
prediction for the apparent position of the vortex. Note that, even in two dimensions, the 
position of the point vortex does not exactly match the position of maximum vorticity (see 
Wang & Eldredge [15]). 
 
Figure 3.3. Flow over the plate at 𝛺𝑐2/𝜐 = 83. (a) Vorticity isocontours superimposed with the theoretical 
position of the line vortex 𝑧1. The vorticity scale is in s
−1. The grey rectangles highlight the integration 
domain used for calculation of the vortex circulation in this example. (b) Normalized circulation of the 
vortex as a function of the normalized spanwise distance. 
 
Figure 3.3b shows the normalized edge vortex circulation estimated by integration of the 
vorticity over the selected windows. CFD results obtained with two different discretization 
grids are shown: the original grid with 4.61 million cells and a refined grid with 9.96 million 
cells. The difference between these two results is less than 0.2% for all r/c < 5, and only 
becomes noticeable near the tip where the wing-tip vortex enters in the integration domain. The 
theoretical estimate for 𝛤1 (3.16) is in good agreement with the CFD results, with the difference 
being less than 17% for all r/c < 5.  
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A remarkable property of the theoretical scaling law of 𝛤1 with r is that the exponent in 
(3.16) is independent of any parameters. It is therefore important to determine the best power 
law for fitting the CFD results. Therefore, a two-parameter optimization of 
 𝛤∑
𝑓𝑖𝑡 = A(𝑟/𝑐)B,  (3.24) 
is carried out for determining the values of A and B that minimize the root-mean-square 
deviation with respect to 𝛤∑𝐶𝐹𝐷 (3.17). The optimal values of B are shown in figure 3.4. The 
mean value of B over the considered range of 𝛺𝑐2/𝜐 is 1.32, which differs by only 1% from 
the theoretical estimate 4/3 for the growth rate of 𝛤1 with r.  
Figure 3.4. Optimal values of the power-law exponent in 𝛤𝛴
𝑓𝑖𝑡
 that best-fit  𝛤𝛴
𝐶𝐹𝐷 in the least-mean-squares 
sense. 
 
 The CFD data presented above are for a wing with aspect ratio 6. The wing length does 
not enter in our theoretical estimate, but in the numerical simulation there may be some wing-
tip effects when the aspect ratio is small. This study also includes an additional numerical 
simulation of a wing with the chord length 2 mm, i.e. twice as wide as the original plate. The 
angular velocity is equal to 𝛺 = 260𝑠−1 . Apart from that, all parameters are the same. In 
particular, the wing length is equal to 6 mm. The aspect ratio is therefore equal to 3. The root-
based Reynolds number is equal to 𝛺𝑐2/𝜐 = 67. The comparison between the theoretical and 
the numerical results is shown in figure 3.5. The wing-tip effects are significant over the distal 
part of the plate between r/c = 2 and 3. Importantly, the extent of that domain is similar to that 
found in the case of aspect ratio 6. Over the proximal half of the plate, the agreement between 
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the CFD results and the theory is good. 
 
Figure 3.5. A plate with aspect ratio equal to 3. Comparison between the theoretical estimates and the CFD 
results for (a) the circulation 𝛤𝛴 over a cylinder surface of radius r, and (b) the distances between the edge 
and the vorticity centroids in the directions parallel and perpendicular to the plate, 𝑑∥ and 𝑑⊥, respectively. 
All quantities are normalized. 
 
3.4.2 Estimates of the average spanwise vorticity transport coefficient 
The algebraic growth rate of 𝛤1 as 𝑟
4/3 is fully defined by the line vortex model, but the 
prefactor in (3.16) contains a parameter 𝐾𝑠𝑝 that determines how fast the Lagrangian elements 
of the line vortex are transported spanwise. This study therefore refers to 𝐾𝑠𝑝 as the spanwise 
vorticity transport coefficient. The exact value of 𝐾𝑠𝑝 in each case depends on the distribution 
of the radial vorticity and the spanwise velocity in the flow field. Consequently, it depends on 
Re, for the reason that the structure of the edge vortex varies significantly with Re. Let us first 
derive a quick theoretical estimate of the spanwise vorticity transport coefficient 𝐾𝑠𝑝 suitable 
for the low end of the range of Re considered in the previous section. Let 𝑉𝑟(𝑟, 𝜙, 𝑦) be the 
radial velocity component in the cylindrical polar coordinates. At the plate, 𝜙 = 0 and the 
radial direction is aligned with the spanwise direction. The vorticity transport in the radial 
direction mainly takes place at those locations where both the radial vorticity 𝜔𝑟 and the radial 
velocity 𝑉𝑟 are large enough. To quantify it, the vorticity-weighted average radial velocity is 
introduced 
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 ?̅?𝑟(𝑟, 𝛷) =
∫ ∫ 𝑉𝑟𝜔𝑟𝑟𝑑𝑦𝑑𝜙
𝐿𝑦/2
0
𝛷
0
∫ ∫ 𝜔𝑟𝑟𝑑𝑦𝑑𝜙
𝐿𝑦/2
0
𝛷
0
.  (3.25) 
The parameter 𝛷 ∈ [0, 360°] controls the extent of azimuthal averaging. Further, the CFD 
results suggest that 𝑉𝑟 is approximately linear in r over the inner central part of the plate. 
Therefore an estimate is proposed for the spanwise vorticity transport coefficient, 
 ?̅?𝑠𝑝 = ?̅?𝑟(𝑟, 𝛷)/(𝛺𝑟),  (3.26) 
which is subsequently evaluated at a representative location 𝑟𝑟𝑒𝑓. The overbar is a reminder 
that the estimate is based on space averaging.  
Near the plate, the vorticity is confined in two shear layers that start from the edges and 
propagate in the downstream direction. Owing to the viscous exchange of momentum, the 
thickness of these vorticity sheets increases with the distance from the edges, and the peak 
vorticity magnitude decreases. Therefore the one-dimensional diffusion equation is used in an 
unbounded domain to describe the evolution of the vorticity profiles with the angular distance 
𝜙 from the plate. After introducing the time t required for the plate to travel the angular distance 
𝜙, the vorticity is approximated as 
 𝜔𝑟(𝑟, 𝑡, 𝑦) = 𝛾(𝑟)/√4𝜋𝜈𝑡(𝑒
−(𝑦−𝑐/2)2/(4𝜈𝑡) − 𝑒−(𝑦+𝑐/2)
2/(4𝜈𝑡)),  (3.27) 
where 𝑡 = 𝜙/𝛺, which satisfies the diffusion equation with the diffusivity equal to 𝜈, and the 
initial condition corresponding to delta distribution of the vorticity at the sharp edges. 
The radial velocity is mainly driven by the centrifugal forces acting on the fluid trapped in 
the recirculation bubble, and it also decays with distance away from the plate due to the action 
of viscosity. The initial condition is assumed for 𝑉𝑟 of the form 𝑉𝑟(𝑟, 0, 𝑦) = 𝑉𝑟 𝑚𝑎𝑥(r)(1 −
4𝑦2/𝑐2)  where, according to Maxworthy [11], 𝑉𝑟 𝑚𝑎𝑥(𝑟) = 2𝛺𝑟 . The solution of the one-
dimensional diffusion equation that satisfies the initial condition is 
 𝑉𝑟(𝑟, 𝑡, 𝑦) = 𝑉𝑟 𝑚𝑎𝑥(𝑟) {[
2
𝑐2
(𝑦2 + 2𝜈𝑡) −
1
2
] (erf
𝑦−𝑐/2
√4𝜈𝑡
− erf
𝑦+𝑐/2
√4𝜈𝑡
)}.   
 +
4√𝜈𝑡/𝜋
𝑐2
[(𝑦 +
𝑐
2
) 𝑒−(𝑦−𝑐/2)
2/(4𝜈𝑡) − (𝑦 −
𝑐
2
) 𝑒−(𝑦+𝑐/2)
2/(4𝜈𝑡)]  (3.28) 
Sample profiles of 𝜔𝑟 and 𝑉𝑟 are shown in figure 3.6 and compared with the CFD data. 
They correspond to a plate revolving with angular velocity 𝛺 = 260𝑠−1, i.e. 𝛺𝑐2/𝜐 = 17. The 
profiles are calculated at the radial location r = 3c. The parameter 𝛾(𝑟) is set to 2.7 𝑚 𝑠−1 when 
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evaluating (3.27), but it cancels out in the subsequent calculation of ?̅?𝑠𝑝. The analytical profiles 
adequately describe the peaks 𝜔𝑟 and 𝑉𝑟 as they flatten with distance away from the plate. It 
should be remembered, however, that the analytical profiles do not account for the dynamic 
coupling between 𝜔𝑟 and 𝑉𝑟 and for many three-dimensional effects that may influence the rate 
of decay at larger 𝜙 . In the following, they are used to obtain a rough order-of-magnitude 
approximation to ?̅?𝑠𝑝 that does not rely on any data from the CFD. On the other hand, to 
evaluate ?̅?𝑠𝑝 accurately, it is critical to account for the spatial distribution of 𝜔𝑟 and 𝑉𝑟 in all 
detail available from the CFD. 
 
Figure 3.6. Line plots of the radial components of the vorticity 𝜔𝑟 (red) and the velocity 𝑉𝑟 (blue), sampled 
on vertical line segments between y =  −c/2 and y =  c/2, at a constant radial location 𝑟𝑟𝑒𝑓 = 3𝑐 and 
five different angular distances from the plate, ϕ = 7.64°𝑛, where n = 1, ⋯ ,5. The solid lines show the 
analytical profiles (3.27) and (3.28). The dashed lines show the CFD results. Vorticity scale is per second 
and velocity scale is metres per second. 
 
 After substituting (3.27) and (3.28) into (3.25), performing numerical integration and 
substituting the result in (3.26), the desired theoretical estimate for ?̅?𝑠𝑝 is obtained. The result 
does not depend on r because 𝑉𝑠𝑝 𝑚𝑎𝑥(𝑟) is linear in r. Figure 3.7a compares the values of ?̅?𝑠𝑝 
calculated using the profiles (3.27) and (3.28) with ?̅?𝑠𝑝 evaluated using 𝜔𝑟 and 𝑉𝑟 from the 
CFD at 𝑟𝑟𝑒𝑓 = 3𝑐 . The plots are shown in a range of 𝛷 to explore the sensitivity to this 
parameter. All values are within the interval between 0.23 and 0.4 when the linear distance 
from the plate is greater than c, i.e. 𝛷 > 19°. The general trend is a slow decrease with 𝛷. The 
CFD result saturates at 𝛷 > 240° when the numerator and the denominator in ?̅?𝑟 in (3.25) 
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attain their finite maximum values. The sudden drop at 𝛷 = 360° is explained by the inward 
spanwise velocity on the pressure side of the plate previously reported by Kolomenskiy, 
Elimelech & Schneider [16]. 
 
Figure 3.7. Estimates of the spanwise vorticity transport coefficient 𝐾𝑠𝑝: (a) as a function of 𝛷 at 𝛺𝑐
2/𝜐 =
17 , 𝛷 being the upper limit of integration in (3.25); and (b) as a function of the root-based Reynolds 
number 𝛺𝑐2/𝜐, with 𝛷 = 360°. (c) Spanwise distribution of the CFD-based estimate of the vorticity 
transport coefficient 𝐾𝑠𝑝, calculated as given by (3.25) and (3.26) with 𝛷 = 360
°. 
 
 Figure 3.7b displays 𝐾𝑠𝑝 as a function of the root-based Reynolds number 𝛺𝑐
2/𝜐 . In 
addition to the estimate ?̅?𝑠𝑝 obtained by integration of 𝜔𝑟 and 𝑉𝑟 from the CFD, figure 3.7b 
shows the values of ?̃?𝑠𝑝 that best-fit the theoretical estimate to the CFD data in the least-mean-
squares sense, i.e. 
 √(
𝛤∑
𝑡ℎ𝑒𝑜𝑟𝑦−𝛤∑
𝐶𝐹𝐷
𝛤∑
𝐶𝐹𝐷 )2 + (
|𝑧∑𝑡ℎ𝑒𝑜𝑟𝑦−𝑧∑𝐶𝐹𝐷|
|𝑧∑𝐶𝐹𝐷|
)2 ⟶ min,  (3.29) 
A power-law fit of those values leads to the empirical formula (3.20) which is used in the 
previous section. The agreement between these different estimates is good except for large 
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𝛺𝑐2/𝜐 and 𝑟𝑟𝑒𝑓, when the discrepancy of up to 50% is caused by the vortex core structure 
becoming more complex and necessitating further investigation. Apart from that, the estimate 
?̅?𝑠𝑝 is consistent with ?̃?𝑠𝑝 that matches the observed circulation and location of the vortex. 
 Two sample spanwise distributions of ?̅?𝑠𝑝 , obtained from the numerical simulations at 
𝛺𝑐2/𝜐 = 17 and 83, are shown in figure 3.7c. In both cases, as postulated earlier, ?̅?𝑠𝑝 is 
roughly constant over the central part of the plate. Variation only becomes large near the ends 
of the plate, i.e. 𝑟𝑟𝑒𝑓 < 1𝑐 or 𝑟𝑟𝑒𝑓 > 4.5𝑐. Between these ends, the profile of ?̅?𝑠𝑝 depends on 
the Reynolds number: ?̅?𝑠𝑝 is monotonically decreasing when the Reynolds number is small, 
but it has a local maximum when the Reynolds number is large. Despite this small variability, 
the values sampled at 𝑟𝑟𝑒𝑓 = 1 and 3, used in figure 3.7b, are representative of the average 
vorticity transport coefficient ?̅?𝑠𝑝 over the inner central part of the plate which is needed for 
the edge vortex circulation and position estimates. 
Let us conclude this section with a comment on the physical mechanisms that drive the 
spanwise flow. This question has been extensively studied in past research, and several different 
mechanisms have been proposed. Our objective is not to describe all the factors that may have 
a certain influence on the spanwise velocity 𝑉𝑟, but to quantify the role of 𝑉𝑟 in the vorticity 
dynamics. Our theoretical estimate (3.28) is based on the model proposed by Maxworthy [11], 
who postulated that the centrifugal force and the outwards pressure gradient in the conical 
vortex core are the two equally important drivers of 𝑉𝑟 . Other effects, such as the Coriolis 
acceleration and the wing-tip vortex-induced velocity, that are not accounted for in our model 
are likely to have less influence on 𝐾𝑠𝑝 compared with the two main effects postulated above. 
For instance, the CFD computations by Garmann & Visbal [17] with the centrifugal term 
eliminated from the Navier–Stokes equations show a dramatic decrease of the outwards 
spanwise velocity over the plate. Even though the peak outwards spanwise velocity in the 
vortex core is positive and may be an order of magnitude greater than the average [10, 17], it is 
the average velocity that apparently matters for 𝐾𝑠𝑝 and for the edge vortex dynamics, as the 
results show the overall good agreement between ?̅?𝑠𝑝 and ?̃?𝑠𝑝 for the conditions examined.  
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3.4.3 Time evolution of the leading-edge vortices at angle of attack 𝟗𝟎° 
The solution derived in § 3.2.2 is steady. However, the wing rotation starts from rest in our 
numerical simulations, as in many practical situations (such as the experiments by Carr et al. 
[14] using rectangular wings operating at 45° angle of attack and Re of order several thousand). 
In addition to that, the flow may become unsteady due to hydrodynamic instabilities. It is 
therefore important to consider the time evolution of the edge vortex. 
Let us discuss only the largest Reynolds-number case, 𝛺𝑐2/𝜐 = 83, which illustrates well 
different kinds of unsteady effects. The aspect ratio of the plate is equal to 6. The time instants 
are selected at 0.12T, 0.25T, 0.5T and 0.75T for the flow visualization, where 𝑇 = 2π/𝛺 =
4.8332 × 10−3𝑠. The time development of the vortex structure is illustrated by isosurfaces of 
the λ2-criterion in figure 3.8. In addition, the normalized circulation is plotted as a function of 
the normalized spanwise distance in figure 3.9a. The vortices over the proximal part of the 
plate, r < 3c, reach steady state by the time t = 0.25T. At the same time instant one can see a 
symmetric pair of counter-rotating vortices shed from the distal part of the plate, r > 4.5c. Later, 
the flow becomes nominally steady over r < 4.5c, but the wing-tip vortex is unsteady and small-
scale eddies develop at this large Reynolds number.  
 
Figure 3.8. Instantaneous isosurfaces of 𝜆2 = −10
8𝑠−2, coloured according to the sign of the spanwise 
vorticity component, at four different time instants after startup. The root-based Reynolds number is equal 
to 𝛺𝑐2/𝜐 = 83. 
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Figure 3.9. Time evolution of the circulation in the case 𝛺𝑐2/𝜐 = 83. (a) Values obtained from (3.17) 
using the CFD data. (b) Theoretical values of ΓΣ as given by (3.38). Matlab programs that reproduce this 
figure are provided as supplementary material. 
 
Let us now amend our analysis to account for the gradual buildup of the edge vortex after 
the beginning of rotation. Let t be physical time with t = 0 at startup. The time profile of the 
plate angular velocity is extended to negative t as 
                                                           0,   𝑡 < 0, 
 
𝑑𝜑𝑝𝑙𝑎𝑡𝑒
𝑑𝑡
=         
𝛺
2
(1 − 𝑐𝑜𝑠
𝜋𝑡
𝑡𝑎𝑐
),  0 ≤ 𝑡 < 𝑡𝑎𝑐,  (3.30) 
                                                           𝛺,   𝑡 ≥ 𝑡𝑎𝑐 
Negative t is the time before startup, when the plate and the surrounding fluid are at rest. Large 
positive 𝑡 > 𝑡𝑎𝑐 is when the plate revolves steadily. Note that, even though our solution is 
defined for any arbitrary large t, this study only focuses the time period t < T before the plate 
encounters its own wake from the previous revolution. 
 In the following analysis, the main difference with respect to the steady case is that now 
vortex particles are tracked over a physical time interval from the startup until a set time 
instant. The radial position r of a tracer satisfies the evolution equation 
 
𝑑𝑟
𝑑𝑡
= 𝐾𝑠𝑝
𝑑𝜑𝑝𝑙𝑎𝑡𝑒
𝑑𝑡
𝑟.  (3.31) 
Hence, the radial position of the tracer with the initial condition r(0) = 𝑟0 can be written as 
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 r = 𝑟0𝑒
𝐾𝑠𝑝?̂?𝑎𝑐𝑔(𝑠)/2,  (3.32) 
where  
                                                                                                       0, s < 0, 
 ?̂?𝑎𝑐 = 𝛺𝑡𝑎𝑐/𝜋 = 0.167, 𝑠 = 𝛺𝑡/?̂?𝑎𝑐 and g(s) =        𝑠 − sin 𝑠, 0 ≤ 𝑠 < π,  (3.33)                                                                       
                                                                                                    2𝑠 − π, 𝑠 ≥ π 
From the definition of ?̃? (3.11),  
 ?̃? =
Ω𝑟0
2?̂?𝑎𝑐
4𝐾𝑠𝑝
∫ 𝑔𝑠
2(𝑠′)𝑒𝐾𝑠𝑝?̂?𝑎𝑐𝑔(𝑠
′)𝑑𝑠′
𝑠
−∞
,  (3.34) 
where the subscript (∙)𝑠 stands for the derivative. Integration by parts yields 
 ?̃? =
Ω𝑟0
2
4𝐾𝑠𝑝
{[𝑔𝑠(𝑠
′)𝑒𝐾𝑠𝑝?̂?𝑎𝑐𝑔(𝑠
′)]
−∞
𝑠
− ∫ 𝑔𝑠𝑠(𝑠
′)𝑒𝐾𝑠𝑝?̂?𝑎𝑐𝑔(𝑠
′)𝑑𝑠′
𝑠
−∞
},  (3.35) 
Taylor series approximation 𝑒𝑥 ≈ 1 + 𝑥 is used for the exponential under the integral sign, and 
express 𝑟0 in terms of r using (3.15). Thus following is obtained 
 
?̃?
Ωc2
=
1
4𝐾𝑠𝑝
(
𝑟
𝑐
)2{𝑔𝑠(𝑠)[1 − 𝑒
𝐾𝑠𝑝?̂?𝑎𝑐𝑔(s)] − 𝐾𝑠𝑝?̂?𝑎𝑐𝑓(𝑠)𝑒
−𝐾𝑠𝑝?̂?𝑎𝑐𝑔(s)},  (3.36) 
where 
                                0, s  
 𝑓(𝑠) =        𝑠𝑖𝑛 2𝑠 /4 + 𝑠𝑖𝑛 𝑠 − 𝑠 𝑠𝑖𝑛 𝑠 − 𝑠/2,  0 ≤ s < π,  (3.37) 
                                   π/2, s ≥ π 
the rest of the derivation is similar to the steady case. Finally the position of the vortex is 
obtained 
 
𝑧1
𝑐
=
1
2
7
3𝐾𝑠𝑝
2
3
(
𝑟
𝑐
)2/3 {1 − [1 + 𝐾𝑠𝑝?̂?𝑎𝑐
𝑓(𝑠)
𝑔𝑠(𝑠)
] 𝑒−𝐾𝑠𝑝?̂?𝑎𝑐𝑔(s)}
2/3
  (3.37) 
and its circulation  
 
𝛤1
Ωc2
=
π
(4𝐾𝑠𝑝)1/3
(
𝑟
𝑐
)4/3
𝑔𝑠(𝑠)
2
{1 − [1 + 𝐾𝑠𝑝?̂?𝑎𝑐
𝑓(𝑠)
𝑔𝑠(𝑠)
] 𝑒−𝐾𝑠𝑝?̂?𝑎𝑐𝑔(s)}
1/3
.  (3.38) 
The half-plate circulation 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 is calculated with the same formula as in the steady case 
(see Appendix 3B), but using the time-dependent 𝛤1 (3.38). 
The sum circulation 𝛤∑
𝑡ℎ𝑒𝑜𝑟𝑦 = 𝛤1 + 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 is shown in figure 3.9b, for the same 
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values of the aspect ratio and the Reynolds number as in the numerical simulation, and using 
𝐾𝑠𝑝 as given by (3.20). The trend of 𝛤∑ increasing in time until it saturates is similar to the 
numerical results, but the theory predicts slightly smaller growth, and it does not account for 
the overshoot at t = 0.25T and 0.5T near the tip of the plate. For small t, the vortex circulation 
𝛤1 is small, and the largest contribution to 𝛤∑
𝑡ℎ𝑒𝑜𝑟𝑦 is from the linear term √2𝑟/𝑐 in the half-
plate bound circulation 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 (3.18). As t becomes large, the 𝑟
4/3 power law becomes 
dominant. Similar trends were found in the experiments by Carr et al. [14]. 
3.5 Conclusions 
The closed-form expressions are derived for the edge vortex circulation 𝛤1 and its position 
𝑧1 , (3.16) and (3.15), respectively, for a revolving plate at 90 angle of attack. The model 
contains only one free parameter, the spanwise vorticity transport coefficient 𝐾𝑠𝑝. For the latter, 
a crude theoretical estimate (3.26) and a practical fit (3.20) are proposed that minimizes the 
error of the circulation 𝛤∑. The theoretical estimates of 𝛤∑ and 𝑧∑ are in good agreement with 
the numerical solution of the Navier–Stokes equations in the root-based Reynolds-number 
range 𝛺𝑐2/𝜐 from 8 to 83. Remarkably, the growth rate of 𝛤1 as 𝑟
4/3 is independent of any 
parameters. The vorticity production at the edge and its three-dimensional transport are 
therefore sufficient to describe the edge vortex circulation, to leading order. Our model is not 
intended to explain the mechanisms that drive the spanwise flow, but the data-driven values for 
𝐾𝑠𝑝 (3.25-26) are consistent with the theory by Maxworthy 
[11].  
The flow considered in our study is similar to the LEV on a wing that operates at any large 
angle of attack. Generalization of (3.16) and (3.15) appears feasible, but special care should be 
taken of the downwash, which is not present in the current model, and which may require 
numerical solution of the Brown–Michael equation (3.6) and is therefore beyond the scope of 
this paper. Likewise, the effect of non-zero distance between the wing root and the axis of 
rotation – also known as petiolation (see Phillips, Knowles & Bomphrey [18]) – may lend itself 
to modelling using the same vortex method, with special care taken of the flow near the wing 
root. Finally, it should be emphasized that the mechanisms of stable attachment of LEVs are 
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not yet well understood. The success of the Brown–Michael vortex model to describe the edge 
vortex of a revolving plate, confirmed in the present study, opens a new perspective to analyse 
the stability of the leading–trailing vortex pair and the transition to periodic vortex shedding, 
using methods similar to those developed by Michelin & Llewellyn Smith [19]. 
 
Appendix 3A. Error of the local point vortex approximation 
The rightmost term in (3.4) is the complex potential of a point vortex and its mirror image. 
A point vortex is a two-dimensional approximation for a straight-line vortex in the three-
dimensional flow that has constant circulation. However, in our three-dimensional model, the 
circulation varies as 𝑟4/3. Therefore, the Kutta condition is not exactly satisfied. With the shape 
of the vortex line and its circulation given by (3.15) and (3.16), respectively, it is 
straightforward to use the Biot–Savart formula to compute the induced velocity at the edge of 
the plate. In figure 3.10a, it is compared with the induced velocity in the local two-dimensional 
approximation. The relative difference is less than 20% in the range of r/c between 0.3 and 4 
in the examples considered in this paper. 
A more significant error is to neglect the influence of the vortex generated by the bottom 
edge of the plate. If the vertical velocity component induced by the top edge vortex is 𝑣𝑡𝑜𝑝 =
𝛤1/(2𝜋𝑧1) (the imaginary part of 𝑧1 in (3.15) is zero), then the vertical velocity component 
induced by the bottom edge vortex at the same point is 𝑣𝑏𝑜𝑡𝑡𝑜𝑚 = 𝛤1𝑧1/(2𝜋(𝑐
2 + 𝑧1
2)). The 
ratio between the magnitudes of 𝑣𝑏𝑜𝑡𝑡𝑜𝑚 and 𝑣𝑡𝑜𝑝 is shown in figure 3.10b. For the largest 
Reynolds number, the ratio is about 40% at most; it is less than 20% over the proximal half of 
the wing, and 21% on average over the span. For the lowest Reynolds number, it is 50% on 
average over the span. This effect may explain the larger discrepancy in the position of the 
vortex found in the comparison with the CFD results at low Reynolds numbers. When the 
circulation of the radial vortex line varies over its length, longitudinal vortices are produced 
such that the vortex system satisfies the Helmholtz theorems. In particular, this effect explains 
the wing-tip vortices. The strength of the longitudinal vortices is related to the rate of change 
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of the edge vortex circulation with r; therefore, their effect is likely to be of the same order of 
magnitude as that of the non-uniform distribution of the circulation. Detailed analysis of the 
three-dimensional wake is beyond the scope of this paper. Note that the original model 
developed by Brown & Michael [20] also applied the two-dimensional approximation to solve 
a three-dimensional problem, which was the LEV of a delta wing in that case. 
 
Figure 3.10. (a) Relative difference between the induced velocity of a line vortex of variable strength and a 
two-dimensional point vortex. (b) Vertical velocity magnitude due to the bottom-edge vortex relative to the 
velocity magnitude due to the top-edge vortex probed at the top edge. 
 
Appendix 3B. Bound circulation of the plate 
The bound circulation corresponds to the vorticity contained in the boundary layers of the 
plate. Let us calculate the circulation 𝛤𝑏(𝛿, 𝜏) along a contour in the physical plane that begins 
at the pressure surface at a distance from the edge, wraps around the edge but not the point 
vortex in the fluid domain, and ends at the suction surface at the same distance 𝛿 from the edge. 
The beginning and the end points of the contour are, respectively, 𝑧− = 𝑙𝑖𝑚𝜖⟶0(−𝜖 − 𝑖𝛿),  and 
𝑧+ = 𝑙𝑖𝑚𝜖⟶0(𝜖 − 𝑖𝛿), where 𝜖 ∈ ℝ
+. The direction is consistent with our sign convention for 
the circulation. Knowing the complex potential (3.4), the bound circulation is equal to  
 𝛤𝑏(𝛿, 𝜏) = Re{𝑊(𝜉(𝑧+), 𝜏) − 𝑊(𝜉(𝑧−), 𝜏)}.  (3.39) 
Noting that 𝜉(𝑧+) = √𝑐𝛿 and 𝜉(𝑧−) = −√𝑐𝛿, following is obtained 
 
𝛤𝑏(𝛿,𝜏)
𝛺𝑐2
=
2𝑟
𝑐
√𝛿/𝑐 −
𝛤1
𝜋𝛺𝑐2
{Arg(√𝑐𝛿 − 𝜉1) − Arg(−√𝑐𝛿 − 𝜉1) + π𝑛}, 𝑛 ∈ ℤ  (3.40) 
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The value of n is determined by requiring 𝛤𝑏 to be continuous with respect to 𝛿 and vanishing 
as  𝛿 → 0. After expressing Arg in terms of trigonometric functions and using the fact that 𝑧1 
is real, it is found 
 
𝛤𝑏(𝛿,𝜏)
𝛺𝑐2
=
2𝑟
𝑐
√
𝛿
𝑐
−
𝛤1
𝛺𝑐2
(
1
2
+
1
𝜋
arctan
𝛿−𝑧1
√2𝛿𝑧1
).  (3.41) 
In this work, (3.41) is used to evaluate at 𝛿 = 𝑐/2 as an approximation to the bound circulation 
of the upper half of a finite plate of chord c, i.e. 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 ≈ 𝛤𝑏(𝑐/2, 𝜏). This is consistent 
with the original semi-infinite plate assumption of this study. More accurate account of the 
bound vorticity distribution over a finite plate is possible, but in general it requires numerical 
integration. Though it may change the result quantitatively by as much as 41% (in the limiting 
case of 𝛤1 = 0) compared with the above estimate at 𝛿 = 𝑐/2, the qualitative trends are not 
changed. Since 𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒  is, in practice, small compared with 𝛤1 , the approximation is 
adequate. 
The position of the half-plate bound vorticity centre is defined as 
𝑧ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 = −𝑖𝛿ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒,  (3.42) 
where 𝛿ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 is the distance from the edge of the plate to the half-plate bound vorticity 
centre, 
 𝛿ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒 =
1
𝛤ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒
∫ 𝛿
𝑑Γ𝑏
𝑑𝛿
𝑑𝛿
𝑐/2
0
.  (3.43) 
Taking the derivative of (3.41), following is obtained 
 
𝑑Γ𝑏
𝑑𝛿
= Ω𝑟√
𝑐
𝛿
−
Γ1
𝜋
√
𝑧1
2𝛿
𝑧1+𝛿
𝑧1
2+𝛿2
,  (3.44) 
From (3.42), (3.43) and (3.44), dividing the result by c, the normalized position of the half-
plate bound vorticity centre is obtained as follows, 
 
𝑧ℎ𝑎𝑙𝑓−𝑝𝑙𝑎𝑡𝑒
𝑐
= −𝑖
1
3√2
𝑟
𝑐
−
Γ1
Ω𝑐2
𝑧1
𝜋𝑐
(
1
2
𝑙𝑜𝑔
1
2+
𝑧1
𝑐 −
√
𝑧1
𝑐
1
2+
𝑧1
𝑐 +
√
𝑧1
𝑐
)+√
𝑐
𝑧1
√2
𝑟
𝑐
−
Γ1
Ω𝑐2
(
1
2
+
1
𝜋
arctan
1−2𝑧1/𝑐
2√𝑧1/𝑐
)
.  (3.45) 
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Chapter 4  
 
A versatile reduced-order 
model of leading-edge 
vortices on rotary wings 
 
This chapter provides a more versatile model for the the leading-edge vortex on 
a rotary wing. The model is based on the basic derivation in the last chapter, 
however, considers the effect of spanwise vorticity transport and downwash in a 
range of angle of attack and Reynolds number. The results of the model are found 
19 consistent with the LEV strength and centroid coordinates measured 
previously in experiments, as well as determined from numerical solution of the 
Navie-Stokes equations. 
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4.1 Introduction 
Leading-edge vortex (LEV) has achieved a dramatic impact on low Reynolds number 
aerodynamics in recent decades since it was first observed in insect flight [1], and identified as 
the most ubiquitous mechanism in maintaining aerodynamic forces of natural flyers, auto-
rotating seeds and rotary blades of micro air vehicle (MAV). As a wing revolves/flaps, flow 
passes the sharp leading edge and meanwhile transports the vorticity in the spanwise direction, 
LEV remains steady and close to the wing surface, leads to pressure deficit thus enhancing the 
aerodynamic forces [2]. 
To investigate the behavior of LEV, experiment is a widespread tool in the field of flapping 
and revolving wing research. Scaled-up robotic wings were employed to mimic flapping 
motion [3], and particle image velocimetry (PIV) were equipped to show the surrounding flow. 
In the forward flight of a real insect, smoke visualization has been used to reveal LEV as well 
as other vortex structures [4]. 
Numerical simulation is attracting more interest recently for LEV studies since 
computational fluid dynamics (CFD) is utilized as an efficient method providing more detailed 
data. Liu et al. [5] first developed a biology-inspired dynamic flight simulator, greatly reduced 
the cost in the research of insect flights. In order to get high-fidelity results, Garmann and 
Visbal [6] used implicit large-eddy simulation (ILES) in examining the LEV structure of a 
revolving plate, Engels et al. [7] designed a “numerical wind tunnel” to measure bumblebee 
fight in heavy turbulence by direct numerical simulation (DNS). 
Despite the substantial amount of experimental and numerical works on LEV, only a few 
analytical models in the literature can make a quick estimate of essential properties of LEV, 
such as trajectory, formation and strength. Limacher et al. [8] derived a coupled system of 
simplified Navier-Stokes equations that describes the trajectory of an axial streamline through 
the LEV, of which the local curvature is affected by rotational accelerations. In the perspective 
of shaping up LEV, spanwise flow probably plays an important role in vorticity drainage from 
wing root to tip, and can be simply related to inflow velocity [9]. 
The previous work in the Chapter 3 was partly based on the line vortex model of 
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Maxworthy [9] (see figure 4.1a), then adapted two-dimensional Brown-Michael vortex model 
[10] in a cross plane, however firstly, estimated the LEV circulation as well as its core position 
along the wing span at only the angle of attack (AoA) of 90° [11]. It is easy to follow up with a 
universal reduced-order model in this paper, and this chapter aims to apply this model to a 
range of AoA, Reynolds number and even a variety of rotary wing planform, thus may hopefully 
give a first guideline to the optimized design of wing shape. 
4.2 Mathematical formulations of the model 
A novel analytical model in this chapter is proposed to provide quick estimates of the LEV 
properties of a rectangular wing at arbitrarily large angle of attack, rotating about one of its 
ends. The main geometric and kinematic parameters are the wing tip radius R, the chord length 
c, the angle of attack α, and the constant angular velocity 𝛺, see figure 4.1a. There may be an 
offset between the axis of rotation and the wing root in some numerical simulations or 
experimental setups. This study only considers the analytical model with zero offset, and the 
wing thickness is also neglected. Incompressible fluid is characterized by constant kinematic 
viscosity ν. 
In Chapter 3, for simplicity, the closed-form expressions are derived at 𝐴𝑜𝐴 = 90° in 
elementary functions for the circulation and the position of the edge vortex [11]. Vorticity 
production at the sharp leading edge and its subsequent spanwise transport are the main effects 
in shaping the conical LEV. It can be easily reduced to a two-dimensional (2-D) problem with 
the assumption of spanwise flow in which the point vortex travels, therefore totally the same 
line vortex model is utilized for LEV which is described in §3.2.1. 
However, in figure 4.1b an inclined rotary wing is used at an effective AoA 𝛽 , which 
modifies the geometrical AoA 𝛼 by the downwash velocity 𝜔𝑖. Here 𝜔𝑖 = 𝜅𝛺𝑟, and 𝜅 denotes 
the ratio between local downwash velocity and local rotational velocity. The inflow velocity is 
currently defined as 𝑉 = 𝑉𝑥 + 𝑖𝑉𝑦 in complex plane, where 𝑉𝑥 = |𝑉| sin 𝛽 and 𝑉𝑦 = |𝑉|cos 𝛽, 
the effective AoA 𝛽 = 𝛼 − arctan 𝜅 and the velocity magnitude can be calculated as |𝑉| =
𝛺𝑟√1 + 𝜅2.  
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Figure 4.1. (a) LEV (red iso-surface) and the line vortex model containing inflow velocity 𝛺𝑟𝑖, downwash 
velocity 𝑤𝑖 and spanwise velocity 𝑉𝑟𝑖. Yellow line stands for the line vortex or core trajectory of the LEV. 
(b) 2-D flow is described in a cylindrical cross-plane at radius 𝑟𝑖, effective AoA 𝛽 is introduced due to 
downwash, then vortex dynamics is studied in complex plane using conformal mapping. Polar coordinates 
𝑥1 and 𝑦1 in the physical plane are used for describing the position of the vortex and its mirror image on 
the preimage plane ζ, using the coordinate transform 𝜁 = 𝜌𝑒𝑖(
𝜋
2
−𝜃). 
 
The complex potential to describe flow over the wing at arbitrary AoA becomes 
 𝑊 = 𝑉𝑥𝜁 − 𝑉𝑦
𝜁2
𝑐
−
𝛤1(𝜏)
2𝜋𝑖
𝑙𝑛
𝜁−𝜁1
𝜁−𝜁1
∗ ,  (4.1) 
where 
 𝜁1 = 𝜌1 exp (𝑖 (
𝜋
2
− 𝜃1)),  (4.2)  
denotes the position of point vortex and 𝜁1
∗ denotes the conjugate variable in preimage plane. 
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Brown-Michael equations [10, 12] are transformed for the solution of 𝜁1 as a set of equations in 
real variables at 𝛽 > 0, 
 
𝑑𝜂
 𝑑?̃?
=
Θ
4
− (1 − Θ2)
𝜌1
𝑐
𝑐𝑜𝑡𝛽 ,  (4.3) 
 𝜂
𝑑Θ
𝑑?̃?
=
1−2Θ2
8
+ Θ(1 − Θ2)
𝜌1
𝑐
𝑐𝑜𝑡𝛽 ,  (4.4) 
where new variables are defined as follows,  
 𝜂 = 𝑉𝑥𝜌1
3/𝑐2,  (4.5) 
 Θ = sin𝜃1,  (4.6) 
 ?̃? = ∫ 𝑉𝑥
2(𝜏′)𝑑𝜏′
𝜏
−∞
.  (4.7) 
The latter integral ?̃? can be evaluated as 
 ?̃? = 0.5𝛺𝑟2(1 + 𝜅2)𝑠𝑖𝑛2𝛽/𝐾𝑠𝑝 = 𝑉𝑥
2/(2Ω𝐾𝑠𝑝), and 𝑉𝑥 = √2Ω𝐾𝑠𝑝?̃? ,  (4.8) 
using the same equation (3.2) for the radial distance of the point vortex 𝑟(𝜏) when 𝜅 is constant 
for simplicity. As long as the vortex does not coincide with the boundary at any 𝜏 > 0 , 
simplified Brown-Michael equation are further obtained by combining (4.3) and (4.4) then 
eliminating Υ and 𝜌1 using (4.5) and (4.8), 
 
𝑑𝛩
𝑑?̂?
=
𝛩
?̂?
−
2𝛩3
?̂?
+
𝛩
5
3(1−𝛩2)
?̂?
5
6
,  (4.9) 
where ?̂? =
(4𝑐𝑜𝑡𝛽)6
2𝐾𝑠𝑝Ω𝑐2
?̃? . An approximate solution of (4.9) that satisfies the initial condition 
𝜃1(0) = 𝜋/4 and has the correct asymptotic decay as ?̂? → ∞  can be estimated as  
 𝜃1 =
𝜋
2
2+𝜋?̂?
1
12−0.7𝜋?̂?
1
24
4+𝜋?̂?
1
12−0.7𝜋?̂?
1
24
+ 𝒪(?̂?−
1
6),  (4.10) 
where ?̂? =
1024𝑐𝑜𝑠6𝛽
𝐾𝑠𝑝
2 𝑠𝑖𝑛4𝛽
(1 + 𝜅2) (
𝑟
𝑐
)
2
. Once 𝜃1 is known, it is easy to substitute the formula 
in (4.3) and (4.4) to evaluate 𝜌1, and calculate the vortex position in the physical plane using 
(4.2) and conformal mapping, 
 𝑧1 = 𝑐
(1+𝜅2)
1
3𝑠𝑖𝑛
2
3𝛽
(16𝐾𝑠𝑝𝑠𝑖𝑛𝜃1)2/3
(
𝑟
𝑐
)
2/3
𝑒𝑖(
𝜋
2
−2𝜃1).  (4.11) 
The Kutta condition is satisfied as the conjugate velocity 𝑣∗ =
𝜕𝑊
𝜕𝜁
= 0 at 𝜁 = 0, using (4.1)  
  
Chapter 4   A versatile reduced-order model of leading-edge vortices on rotary wings 
80 
 
 𝛤1 = 𝜋𝑉𝑥𝜌1/𝑐𝑜𝑠𝜃1.  (4.12) 
is obtained. The vortex circulation is therefore evaluated as 
 𝛤1 = 𝛺𝑐
2 𝜋(1+𝜅
2)
2
3𝑠𝑖𝑛
4
3𝛽
(16𝐾𝑠𝑝𝑠𝑖𝑛𝜃1)1/3𝑐𝑜𝑠𝜃1
(
𝑟
𝑐
)
4/3
.  (4.13) 
The main results in current study of LEV are given by the equation (4.11) and (4.13), 
however, there still remains two undetermined parameters: 𝐾𝑠𝑝 for vorticity transport and κ for 
downwash. In trapped vortex model 𝐾𝑠𝑝 describes how fast the vorticity drains outwards in the 
recirculation bubble [9], and it is assumed to depend largely on the width of the bubble, which 
scales with the effective AoA as 𝑐 × 𝑠𝑖𝑛𝛽. Therefore it is reasonable to assume 
 𝐾𝑠𝑝 = 𝐾90𝑠𝑖𝑛𝛽,  (4.14) 
where 𝐾90 is the is an empirical fit for 𝐾𝑠𝑝 at 𝐴𝑜𝐴 = 90
° [11], the parameter is evaluated as a 
function of the root-based Reynolds number 𝛺𝑐2/𝜐, which is in the range of 𝑅𝑒𝑐 = 17 to 83. 
The trend of 𝐾90 showed in figure 3.7b seems to meet the constant upper limit at the higher 
Reynolds number, thus in this study it is reasonable to reconsider the value 
 𝐾90 = min{0.078√𝛺𝑐2/𝜈, 0.8},  (4.15) 
in order to apply the model to a wider range of Reynolds number compared with our study at 
𝐴𝑜𝐴 = 90°. 
The downwash factor κ can be roughly estimated as the ratio between the downwash 
velocity 𝛤𝑡𝑖𝑝/2𝑅 and the rotational velocity 𝛺𝑅 at wing tip. Note that here the Biot-Savart law 
is used to calculate the downwash velocity induced by vortex ring, and 𝛤𝑡𝑖𝑝(𝜅) in (4.13) is 
initially estimated with 𝜅 = 0, and only the first iteration is taken for simplicity. Therefore, the 
downwash factor κ is obtained as follows 
 𝜅 = (32𝐾90)
−
1
3𝜋𝑠𝑖𝑛𝛼(𝑅/𝑐)−
2
3,  (4.16) 
4.3 Results and discussions 
In the last section, the formulae (4.11) and (4.13) are derived for a wing at any angle of 
attack which is partly based on those in Chapter 3. They are valid for any aspect ratio provided 
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that the wing supports a persistent LEV.  
§4.3.1 and §4.3.2 test the accuracy of these formulae in a wide range of the Reynolds 
number 𝑅𝑒 = 𝛺𝑅𝑐/𝜐 between 50 and 2600, by comparing with the data from our numerical 
simulations and from a laboratory experiment of a rectangular rotary wing [13]. Some recent 
laboratory experiments also used rectangular flapping wings to quantify the LEV size and 
strength [14, 15]. When referring to such measurements, it is important to bear in mind the 
specifics of the vortex identification methods that may partly account for the variability across 
different results. 
Furthermore, the model is examined to gain further insight in the effects of spanwise flow 
drainage and induced downwash by varying the respective parameters in §4.3.3 and 4.3.4, 
respectively. §4.3.5 show that the same expressions provide a reasonably accurate estimate to 
the LEV properties even when the wing shape is not rectangular, which makes it a versatile 
tool for quantifying the LEV prior to thorough measurement. 
4.3.1 The angle of attack and the Reynolds number effects 
Sample plots of normalized 𝛤1 , 𝑥1 = ℜ𝑧1 and 𝑦1 = ℑ𝑧1 as functions of r/c and 𝛼 at a 
certain 𝛺 (Reynolds number) are displayed in figure 4.2. The shape of the profiles of 𝛤1(𝑟) is 
mainly determined by the factor 𝑟4/3 in (4.13), but the power-law growth is distorted by 
variation of 𝜃1 (4.10) with r. 𝛤1 increases when 𝛼 < 60
°, but varies remarkably less between 
60° and 90° . The shape of 𝑥1(𝑟) and 𝑦1(𝑟) resembles 𝑟
2/3 . The perpendicular component 
𝑥1(𝑟) increases with 𝛼, i.e., the LEV moves further away from the wing surface when the angle 
of attack increases. In contrast, the parallel component 𝑦1(𝑟) decreases in magnitude as 𝛼 
increases. The limiting result at 𝛼 = 90°  should be interpreted with caution because the 
downwash model (4.16) does not account for the trailing edge vortex which is, in that particular 
case, equally strong as the LEV. 
Computational fluid dynamics (CFD) is utilized in this study to compare with the above 
theoretical estimates. The incompressible Navier-Stokes equations are solved using a 
commercial finite-volume-based code ANSYS CFX 14.5. Rectangular wings which is inclined 
to the vertical axis are employed as shown in figure 4.1a. The pivot point is located at the center 
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of root chord with zero offset between the axis of rotation and the wing root. The wing is 
immersed in a spherical inner domain, and both rotate around the vertical axis with angular 
velocity 
 𝛺(𝑡) = {
1
2
𝛺𝑠𝑡𝑑(1 − 𝑐𝑜𝑠(𝜋𝑡/𝑡𝑎𝑐)),  𝑡 < 𝑡𝑎𝑐
                    𝛺𝑠𝑡𝑑 ,                    𝑡 ≥ 𝑡𝑎𝑐
 (4.17) 
which includes an accelerate phase at the beginning, 𝑡𝑎𝑐 = 0.054 × 2π/𝛺𝑠𝑡𝑑  , 𝛺𝑠𝑡𝑑  is the 
constant angular velocity in the steady phase. 𝑡𝑎𝑐 here keeps consistent with the value in Carr’s 
experiment [13], corresponding to 𝜙𝑎𝑐 = 10
° of acceleration.  
 
Figure 4.2. (a) Spanwise profiles of the normalized LEV circulation (4.13) of a wing with aspect ratio 
𝑅/𝑐 = 4 at Reynolds number 𝑅𝑒 = 𝛺𝑅𝑐/𝜈 = 500, evaluated at 5 different angles of attack. (b) 
Normalized perpendicular, 𝑥1 and parallel, 𝑦1, coordinates of the vortex centroid with respect to the 
leading edge, see (4.11). 
 
In order to remain consistent with the Brown-Michael model which is built up for the 
analytical solutions, total radial vorticity (𝜔𝑟 ) on the half-cylinder surface with radius of r 
(schematically shown in the inset of figure. 4.3a) is integrated to estimate the LEV circulation 
in our CFD model, as 
 𝛤𝐶𝐹𝐷(𝑟) = ∫ ∫ 𝜔𝑟𝑟𝑑𝑧
′5𝑐
0
𝑑𝜙′
2𝜋
0
,  (4.18) 
where 𝜙′ is the angular coordinate, and 𝑧′ is the vertical coordinate long the rotating axis. 
Although methods of defining the LEV circulation may differ slightly in different studies, it is 
convenient and reasonable to apply the half-cylinder surface containing the entire, or at least, 
most of the vorticity generated at the leading edge. Numerical validation of the CFD method 
can be found in Appendix 4A. 
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Figure 4.3. Normalized values of (a) circulation 𝛤 and (b) perpendicular, x and parallel, y, coordinates of 
the vortex with respect to the leading edge, as functions of the angle of attack α, at a constant 𝑅𝑒 =
𝛺𝑅𝑐/𝜈 = 500. (c) LEV circulation as a function of Re, at α = 45°. Continuous and discontinuous lines 
show the theoretical estimates and CFD results, respectively, evaluated at spanwise stations 𝑟 =
0.5𝑐, 𝑐 and 2𝑐, which correspond to 12.5%, 25% and 50% of the wing length (R = 4c), respectively. Dots, 
dash-dot and dashed lines correspond to, respectively, rotational angle 𝜙 = 84°, 180° and 270°. 
 
Figure 4.3a&b present a comparison between the CFD results and the corresponding 
theoretical estimates in a form that helps to focus on the effect of angle of attack. In figure 4.3a, 
lines show 𝛤(𝑟) for three selected spanwise locations r = 0.5c, c and 2c, all belonging to the 
proximal part of the wing that supports an equilibrium-state LEV. The CFD and the theory both 
show the same trend of 𝛤 increasing with 𝛼 until saturation at large 𝛼. It is followed by a slight 
decrease between 𝛼 = 75° and 90°, although this effect is marginal in the theory. Figure 4.3b 
shows that the LEV core moves farther away from the wing surface (x increases) as 𝛼 increases. 
At the same time, the projected position of the LEV on the wing surface moves closer to the 
leading edge (|𝑦| decreases). Variation of 𝛤 with Re, illustrated in figure 4.3c, is comparatively 
weak. The theory slightly overestimates 𝛤 at low Re, but underestimates it at large Re. 
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4.3.2 Comparison with a laboratory experiment and numerical simulation 
The theoretical model (4.11) and (4.13) are capable to estimate LEV circulation and 
centroid position along the wing span, that means the estimates are functions of 𝛺, 𝛼 and r, 
which are determined by Reynolds number, angle of attack and spanwise position, respectively. 
This section focus on the local accuracy of the theoretical estimates, comparing with the certain 
cases in the experiment [13] for wings of aspect ratio 2 and 4 tested at Re = 5350 and 2600 
respectively, and AoA = 45° for both. Note that the aspect ratio is defined in this case as b/c, 
where b is the wing length from the root to the tip. The wing root is offset from the axis of 
rotation by a distance of 𝑟𝑟𝑜𝑜𝑡 = 0.14𝑐 and 0.18c for b/c= 2 and 4, respectively.  
The CFD modelling is also implemented in the validation, it completely reproduces that 
of the experiment [13], which used a more popular method to integrate only the positive 
spanwise vorticity (𝜔𝑟
+) in a small rectangular window which is sketched in figure 4.4a, 
 𝛤𝐶𝐹𝐷
′ = ∬ 𝜔𝑟
+𝑑𝑥′𝑑𝑧′
 
𝑅𝑒𝑐
,  (4.19) 
where x’ and y’ are the Cartesian coordinates with its origin located at the pivot point (see figure 
4.1b), Rec denotes the rectangular window. The method is more straightforward when using 
particle image velocimetry (PIV). Note that the height of the rectangular window is 1.0c for 
aspect ratio 2 wing, but extend to 1.5c for aspect ratio 4 wing. The theoretical solution of the 
centroid position is also calculated using (4.11), and the corresponding CFD result is obtained 
as 
 𝑧𝐶𝐹𝐷
′ =
∬ (𝑥′+𝑖𝑦′)𝜔𝑦
+𝑑𝑥′𝑑𝑦′
 
iso−𝜆2
∬ 𝜔𝑦
+𝑑𝑥′𝑑𝑦′
 
iso−𝜆2
,  (4.20) 
in which iso − 𝜆2 denotes the region of primary LEV given by the iso-lines of 𝜆2 as the LEV 
identification shown in Appendix 4B, keeping consistent with the experimental method [13].  
For the circulation (figure 4.4a), the agreement between the theory and the experiment is 
relatively good in the middle part of the wing from (r − 𝑟𝑟𝑜𝑜𝑡)/b = 0.2 to 0.8, where the LEV 
may burst but remains fully contained within the window. In the wing-root portion, the non-
zero 𝛤 start in the experiment is caused by the offset between wing root and rotation axis in the 
setup. This effects is stronger in the b/c = 2 case probably because 𝑟𝑟𝑜𝑜𝑡/𝑏 is larger, which 
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means that the near-root region extends over a larger portion of the wing span. In the wing-tip 
portion (from (r − 𝑟𝑟𝑜𝑜𝑡)/b = 0.8 to 1), the CFD and the experiment both show the same 
saturation of 𝛤, because the LEV detaches and escapes from the rectangular window. However, 
the CFD points fall slightly above the experiment data between (r − 𝑟𝑟𝑜𝑜𝑡)/b = 0.3 to 0.7, and 
practically overlap with the experiment data otherwise.  
For the vortex centroid (figure 4.4b), the agreement is remarkably good until the mid-span, 
but rapidly degrades when approaching the wing tip. This is explained by the differences in the 
LEV centroid identification method: the experiment [13] and the CFD only considered the 
primary core from the separated LEVs ,see Appendix 4B for more discussion on this topic, but 
the theory points to a weighted average position between the primary and the secondary cores 
since both contribute to the Kutta condition and to the LEV circulation. It is therefore not 
surprising that the agreement near the wing tip for the vortex centroid position is less good than 
for the circulation. As the aspect ratio changes from 2 to 4, the experiment and the theory both 
show the same trend of decreasing dimensionless circulation and increasing distance from the 
leading edge to the vortex core. 
An important corollary of (4.11) and (4.13) is that, once the LEV parameters are 
normalized using 1/𝛺 as the time scale and c as the length scale, the LEV circulation varies 
nominally as 𝑟4/3, and the LEV centroid position varies as 𝑟2/3. This normalization makes the 
results corresponding to b/c = 4 and 2 virtually collapse on the same line, as shown in figure 
4.4c&d. There only remains a minor difference due to the influence of 𝐾𝑠𝑝 and 𝜅 that take 
different values in these two cases. Neglecting these subtle effects, a short formula is obtained 
 𝛤45° = 2𝛺𝑐
2/3𝑟4/3,  (4.21) 
see figure 4.4c (dash-dot line), it provides a remarkably simple and accurate estimate to the 
LEV circulation for α = 45° and 0.5c < r < 𝑅 − 0.5𝑐. The discrepancies near the wing root and 
near the wing tip are due to the limitations of the theoretical model and differences in the vortex 
identification methods. 
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Figure 4.4. Comparison between the theory (black lines), PIV measurements [14] (red markers) and CFD 
results (blue markers) at the rotation angle 𝜙 = 108°. (a) Dimensionless LEV circulation and (b) LEV 
centroid position relative to the leading edge, viewed from above in the direction of the axis of rotation. 
Normalization keeps the same as in Carr’s experiment [14], where b is the wing length from the root to the 
tip, 𝑟𝑟𝑜𝑜𝑡 is the distance from the axis of rotation to the wing root, and 𝑈𝑡𝑖𝑝 = 𝛺(𝑟𝑟𝑜𝑜𝑡 + 𝑏). The domain of 
integration for calculating 𝛤 is shown in the inset. (c) Circulation normalized with 𝛺𝑟2 and (d) position 
relative to the trailing edge, plotted as functions of the dimensionless distance from the axis of rotation r/c. 
The dash-dot line in (c) corresponds to 2(𝑟/𝑐)4/3. Panels (b) and (d) show the view from the top in the 
direction parallel to the rotation axis such that (𝑦𝑐𝑜𝑠𝛼 − 𝑥𝑠𝑖𝑛𝛼)/𝑐 = 0 corresponds to the leading edge 
and -0.707 to the trailing edge, as required for comparison with the results of the PIV measurement [14]. 
 
4.3.3 Effect of spanwise vorticity transport (𝑲𝒔𝒑) 
The coefficient of spanwise vorticity transport 𝐾𝑠𝑝 determines the rate of vorticity evacuation 
in the spanwise direction relative to the local incoming flow velocity. It depends on the 
Reynolds number 𝑅𝑒 = 𝛺𝑅𝑐/𝜐 and the effective angle of attack 𝛽, the latter being related to 
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the width of the recirculation bubble inside which the vorticity transport takes place. Therefore, 
an approximate relation 𝐾𝑠𝑝 (𝑅𝑒, 𝛽) = 𝐾90 (Re) sin 𝛽 holds, where 𝐾90 is the vorticity transport 
coefficient of a revolving at plate oriented perpendicular to the incoming ow that has been 
introduced in Chapter 3 and described as a function of the root-based Reynolds number 𝑅𝑒1 =
𝑅𝑒 × (𝑐/𝑅) = Ω𝑐2/𝜈 in the range between 8 and 83, see (3.20). To extend figure 3.7b to a 
higher level of Reynolds number, figure 4.5 displays this dependence on a semi-logarithmic 
scale. Green circles show the values of 𝐾90 that best fit the theoretical estimate to the CFD data 
of a wing with R/c = 6,  
 √((𝛤𝑡ℎ𝑒𝑜𝑟𝑦 − 𝛤𝐶𝐹𝐷)/𝛤𝐶𝐹𝐷)2 + (‖𝑧𝑡ℎ𝑒𝑜𝑟𝑦 − 𝑧𝐶𝐹𝐷‖/‖𝑧𝐶𝐹𝐷‖)2 → min.  (4.22) 
In the present study, a wider range of the Reynolds number is investigated. Therefore points 
are added to best-fit the CFD data of a wing with R/c = 4 in this chapter. In the interval of 𝑅𝑒1 
below 100 (Re < 400), these new points follow the already known square-root trend. However, 
when the Reynolds number becomes larger, it is found that 𝐾90 saturates at the level of about 
0.8. Since 𝐾90 is an integral quantity related to the momentum transport in a flow with fixed 
separation points, such Reynolds number invariance is not surprising and is expected to hold 
true for all larger Re. Therefore, the low- and the high-Re regions are fitted separately, and 
obtain the empirical relation (4.15) which is used further. 
 Let us proceed with a more practical case of 𝛼 = 45°. The aspect ratio is set to R/c = 10 in 
order to mitigate the wing-tip effect and ensure the results be relevant to any sufficiently long 
wing. This section focuses on the effect of the spanwise vorticity transport coefficient 𝐾𝑠𝑝 ≈
0.55𝐾90  in this case (if 𝛼  and R/c are fixed, sin  𝛽  is approximately constant because the 
Reynolds number effect on 𝛽 is small). Smaller 𝐾𝑠𝑝 implies less efficient spanwise transport 
and, as a consequence, faster approach of the LEV core to the trailing edge. Figure 4.6a shows 
a view perpendicular to the wing and three sample LEV centroid tracks. The yellow line 
corresponds to the largest possible 𝐾90 = 0.8, according to (4.15). Equivalently, it corresponds 
𝑅𝑒1 = 105 or greater. It intersects the line y/c = 0.5 at 𝑟𝑐𝑟𝑖𝑡/𝑐 = 6. As 𝑅𝑒1 and 𝐾90 decrease, 
the intersection point 𝑟𝑐𝑟𝑖𝑡  shifts towards the wing root. A parameter sweep in 𝐾90  reveals 
linear dependence of 𝑟𝑐𝑟𝑖𝑡 on this quantity, see figure 4.6b. However, the realizable values of 
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𝑟𝑐𝑟𝑖𝑡 are in the interval from 0 to 6. This quantity is important for its relevance to the LEV 
stability. Interaction with the trailing edge being one of the factors that limits the LEV growth 
and provokes its detachment [16], y/c = 0.5 can be taken as the rearmost position of the center 
of a steady LEV. It follows that no wing can support an attached LEV beyond r/c = 6. Or, 
which is equivalent, the wing should be shorter than R/c = 6 to fully benefit from an attached 
LEV. In addition, a trend is observed that the maximum span of the attached LEV shrinks when 
𝑅𝑒1 is decreased. 
 
Figure 4.5. Estimates of the spanwise vorticity transport coefficient 𝐾90 as a function of the root-based 
Reynolds number 𝑅𝑒1 = Ω𝑐
2/𝜈. The values shown with green circles best-fit the theoretical estimate to 
the results of a CFD model with aspect ratio 6, see §3.4.2. Blue squares depict similar results for a wing of 
aspect ratio 4, in a wider range of 𝑅𝑒1. The dashed line corresponds to the empirical formula (4.15). 
 
It is worth noting that the effect of rotational accelerations such as the centripetal 
acceleration and the spanwise component of the Coriolis acceleration are implicitly included 
in 𝐾𝑠𝑝 . Hence, parameter sweep in 𝐾90  is equivalent to numerical manipulation of these 
rotational acceleration components, while (4.15) fixes the value 𝐾90 that corresponds to the 
experimentally realizable ow at a given 𝑅𝑒1. Also note that our estimate of 𝑟𝑐𝑟𝑖𝑡/𝑐 = 6 is larger 
than the value of 4 determined from PIV flow visualization [17]. The model is asymptotically 
accurate when the LEV is near the leading edge and far from the trailing edge. Near the 
detachment point, the influence of the trailing edge and variation in the spanwise velocity 
should be taken into account for a more accurate description of the LEV track and improved 
prediction of 𝑟𝑐𝑟𝑖𝑡. 
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Figure 4.6. (a) Chordwise component of the LEV centroid position versus the spanwise distance from the 
axis of rotation, for three different values of the root-based Reynolds number 𝑅𝑒1. Intersection with the 
dash-dot line plotted at y/c = 0.5 determines the critical spanwise distance 𝑟𝑐𝑟𝑖𝑡. All distances are 
normalized with c. The view is in the direction perpendicular to the wing surface such that y/c = 0 
corresponds to the leading edge and -1 to the trailing edge. (b) 𝑟𝑐𝑟𝑖𝑡 plotted as a function of the spanwise 
vorticity transport parameter 𝐾90, the latter being varied in a hypothetical range from 0.1 to 1. The wing 
has the aspect ratio R/c = 10 and it operates at α = 45°. 
 
4.3.4 Effect of downwash (𝜿) 
The downwash formula (4.16) has been derived by approximating the wake with a vortex 
ring. This wake model is arguably the simplest and at the same time reasonable while the first 
revolution is taking its course. When the second revolution begins, the wing encounters its own 
wing-tip and starting vortices generated in the beginning of the motion, which implies that a 
more complex wake model may become necessary. A spiral vortex model is likely to be 
suitable for the fully developed wake. However, to avoid entering technicalities in this section, 
let us adhere to the same functional relation (4.16) as obtained earlier, and illustrate the effect 
of downwash by comparing between three hypothetic situations: zero (𝜅 = 0), moderate (𝜅 as 
given by (4.16)), and strong downwash (𝜅  twice as large as in (4.16)). Note that, by this 
definition, the moderate downwash corresponds to the first revolution of the wing, but the 
strong downwash has no intended interpretation in terms of flight condition: it is stronger than 
the induced velocity in continuous rotation and it may be equivalent to axial climb with some 
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suitable velocity. 
In all cases, 𝛤 tarts from zero at 𝛼 = 0 and rapidly increases with α when it is small, as 
illustrated in figure 4.7a for Re = 500, R/c = 4, r/c = 2. The fastest growth corresponds to the 
downwash intensity 𝜅  = 0, in which case the maximum circulation is attained at α = 60° , 
followed by a moderate decrease of 𝛤 (α). An interesting special case is α = 90°, such that 
𝜃1 = 𝜋/4 and the formulae (4.11) and (4.13) reduce to their simpler analogues derived in § 
3.2.2. However, when 𝛼 is slightly less that 90°, 𝛤 drops by a small amount. This effect can be 
attributed to the truncation error in (4.10). The vortex centroid position is the most sensitive to 
α when 𝜅 = 0, see figure 4.7b. In particular, the chordwise position y varies from a finite 
negative value at 𝛼  = 0°  to zero at 𝛼  = 90° , with some slight overshoot due to the 
approximation error mentioned earlier. 
When downwash is activated, 𝛤 decreases with 𝜅 if α < 60°, and increases otherwise. The 
peak shifts to larger α and eventually disappears. The chordwise position y of the vortex 
becomes practically independent of 𝛼 when the downwash becomes strong. On the contrary, 
the position of the vortex x perpendicular to the wing is not so sensitive to the downwash 
intensity. 
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Figure 4.7. The effect of the downwash parameter 𝜅 on the LEV (a) circulation and (b) centroid position, 
shown for Re = 500, R/c = 4, r/c = 2, and α varied between 0 and 90°. 
 
4.3.5 Bio-inspired wing shapes 
Equations (4.11) and (4.13) can be used not only for rectangular wings, but for any wing 
shape as long as the local chord is wider than the LEV. It was shown [18] that fruit y, bumblebee 
and hawkmoth wing shapes generated nominally the same shape of LEVs. In figure 4.8a&b&c 
correspond fruit fly, bumblebee and hawkmoth, respectively. The solid lines with markers 
show the circulation calculated using available CFD data [18]. Dashed lines show the respective 
theoretical estimates, which are remarkably close: the r.m.s. difference in 𝛤 with respect to the 
CFD is no greater than 1.9𝛺𝑐2.  
 Note that (4.13) yields almost identical estimates for the bumblebee and the hawkmoth, 
with slight discrepancy due to different values of R/c in (4.16). Both theoretical lines visually 
coincide with the simplified power-law curve (4.21). This illustrates the virtue of normalizing 
𝛤 using 𝛺𝑐2 and r using c, as follows from our analysis. Even though the theory does not 
account for local features related with variation in c(r), the net growth of 𝛤 with r described by 
(4.13) is ubiquitous. For the fruity, the theoretical 𝛤 grows significantly faster with r because 
of weaker spanwise vorticity drainage at low Re. This trend may be not immediately visible 
from the CFD data, but it is apparent from linear regression slope: 3.6 for the hawkmoth, 4.6 
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for the bumblebee and 5.8 for the fruit fly. 
 
Figure 4.8. (a) Fruit fly, (b) bumblebee and (c) hawkmoth LEVs, at their respective Re equal to 100, 2800 
and 5400, at α = 45°. Dimensionless circulation 𝛤/𝛺𝑐2 is plotted as a function of dimensionless distance 
from the rotation axis, r/c, where c is the mean chord length for each species. Continuous, dotted and 
dashed lines show the CFD data, linear fit to it, and the theoretical estimates, respectively. A reference line 
2(𝑟/𝑐)4/3, plotted with dash-dot, is displayed for the ease of comparison between the different cases. (d) 
The three wing contours, normalized by c (black horizontal scale bar), superposed and having the same 
pivot point (black marker). 
 
 Furthermore, the estimated centroid position of the LEV on the insect wings is plotted in 
figure 4.9, as well as the sectional contours of the normalized spanwise vorticity in the CFD 
[18]. The LEV cone angle mainly depends on Re and 𝛼. The white solid lines showing the 
theoretical solutions just pass between the primary and the secondary LEV in the CFD vorticity 
iso-lines in bumblebee and hawkmoth. This implies that the theoretical solution in (4.11) points 
to the weighted average position among the vortices produced at the leading edge, thus it is 
reliable to make a quick estimate of the LEV position for any wing planform. 
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Figure 4.9. CFD vorticity iso-lines on the cross-planes at 30%, 45% and 60% of span [18], superimposed 
with the theoretical positions of the line vortex 𝑧1 (white solid lines). The spanwise vorticity 𝜔𝑦 is scaled 
with 𝛺. 
 
4.4 Conclusions 
Surprising or not, a simple analytical model only based on the vorticity production at the 
edge and its three-dimensional transport successfully describes the LEV in a wide region of the 
parameter space. This finding extends on similar results for a rectangular plate perpendicular 
to the flow in Chapter 3. A corollary is that other physical effects such as vortex splitting, 
breakdown, or secondary vorticity generation at the wing due to the presence of the LEV act 
to re-distribute the vorticity without any significant change of its zeroth and first moments. If 
the LEV has multiple cores, the line vortex substitutes for all of them combined, i.e., the 
mentioned effects are taken into account implicitly and this is sufficient for predicting the 
circulation. Specialized explicit models may become a necessity when one needs to know how 
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the vorticity is distributed within the LEV.  
It should be mentioned that the idea of the vorticity “being created and separated at the 
leading edge to eventually form a quasi-steady separation bubble [...] within which the ow is 
three-dimensional with a strong ow component along the axis of the vortex that removes 
vorticity from the neighborhood of the wing [...]" can be traced back to the pioneering work by 
Maxworthy [9]. Our model is a mathematical formulation of it. 
Another important insight gained from the modelling is the use of the dimensionless 
quantities 𝛤/𝛺𝑐2, x/c, y/c and r/c. They primarily depend on 𝛼 and 𝑅𝑒1 = 𝛺𝑐
2/𝜐, all other 
factors being less influential. Moreover, 𝑅𝑒1 enters in the equations only through the vorticity 
transport coefficient 𝐾𝑠𝑝 and only when 𝑅𝑒1 < 105. In other words, the LEV properties are 
independent of the Reynolds number as long as it is sufficiently high. This sets an upper bound 
on the maximum spanwise extent of a stable LEV.  
The induced downwash appears to be an important effect when the angle of attack 𝛼 is 
greater than 0 and less than 90°. With simplifying assumptions on the spanwise distribution of 
the induced downwash angle, it is possible to parameterize the downwash strength using a 
single parameter 𝜅. Increasing 𝜅 acts to decrease 𝛤 for small 𝛼, but the effect is opposite for 
large 𝛼. During the first revolution of the wing, it can be recommended to evaluate 𝜅 using a 
simple vortex-ring model (4.16).  
To measure the LEV circulation and track its trajectory using a velocity field obtained in 
a PIV experiment or a CFD simulation is not a trivial task. Equations (4.11) and (4.13) can be 
used as quick estimates prior to precise measurement. As a rule of thumb, a less accurate but 
simpler formula  𝛤/𝛺𝑐2 = 2(𝑟/𝑐)4/3 holds for 𝛼 ≈ 45° and large Re.  
It is customary to refer to the LEV force as the aerodynamic force increment associated 
with a stable LEV. A precise constructive definition can be deduced from a force 
decomposition theory that would relate the aerodynamic force and the vorticity field, e.g., [19]. 
Thus, calculation of the LEV force may become straightforward when the flow field is fully 
determined. A reduced-order model, however, only provides some incomplete information 
about the flow field. In particular, the present paper only concerns with the vorticity component 
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in the spanwise direction. However, it is probable that the two-dimensional results such as the 
Kutta-Joukowski theorem cannot be directly used in this three-dimensional setting, and that 
the vorticity component in the chordwise direction must be taken into consideration. The 
question of the LEV force modelling remains open for future research. 
 
Appendix 4A. Numerical validation of the CFD simulations 
Computational fluid dynamics (CFD) is employed in this study to validate the theoretical 
work. The incompressible Navier-Stokes equations are solved using a commercial finite-
volume-based code ANSYS CFX (version 14.5). The CFD model is similar to that in Chapter 
3, with some slight differences. Specifically, in the numerical validation study of our CFD 
method, the parameters correspond to one of the experiments by Carr et al. [13]: the wing is set 
at 𝛼 = 45° angle of attack, its radial length is equal to b = 4c, where c is the chord length, and 
root offset from the axis of rotation is equal to 𝑟𝑟𝑜𝑜𝑡= 0.18c. In the numerical simulations that 
test the theory in a wider range of 𝛼 and Re, the offset is set to 𝑟𝑟𝑜𝑜𝑡 = 0. 
The plate is immersed in a spherical inner domain of radius 10c, and both rotate around 
the vertical axis with angular velocity 𝛺(𝑡). Trapezoidal time profile of the angular velocity  
𝛺(𝑡) was used in the experiment. In our numerical simulations, for better numerical stability, 
a smoother profile (4.17) is used otherwise. Acceleration time 𝑡𝑎𝑐 = 0.051 × 2𝜋/𝛺𝑠𝑡𝑑  
matches the experiment in terms of the acceleration angle of rotation of 10°. Chord length c, 
terminal angular velocity 𝛺𝑠𝑡𝑑 and kinematic viscosity of the fluid are chosen such that their 
combination 𝑅𝑒𝑠𝑝𝑎𝑛 = 𝛺𝑠𝑡𝑑(𝑟𝑟𝑜𝑜𝑡 + 𝑏)𝑏/𝜈 equals the same value 10400 as in the experiment. 
The outer stationary domain is a cuboid with its top, bottom and side far-field boundaries 
located at, respectively, 120c, 120c and 80c. The general grid interface (GGI) technique is 
applied to connect the two domains in a multiple frame of reference (MFR), and a moving grid 
method is utilized in the inner domain. The simulation domains are discretized with hexahedral 
meshes of high quality, with the minimum grid spacing adjacent to the wall surface 𝛿𝑚𝑖𝑛 =
0.1√𝜈𝑐/𝛺(𝑟𝑟𝑜𝑜𝑡 + 𝑏). The grid has over 9.56 million cells. 
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Figure 4.10 shows the circulation versus spanwise location at various positional angles. 
The circulation is determined as an integral of the positive spanwise vorticity over a rectangular 
window (width c, height 1.5c). The result is compared with the total circulation' quantified in 
the experiments. Good overall agreement is obtained. The discrepancy at 𝜙 = 12° is explained 
by the difference in angular velocity 𝛺(𝑡) during startup: even though the startup phase ends 
at 𝜙 = 10°, it takes longer time for the vorticity generated during startup to be removed from 
the LEV core. This startup effect vanishes by the time that corresponds to 𝜙 = 30°. 
In addition, a numerical grid sensitivity test is also performed. Its results are shown in 
figure 4.11. This study compares among three different grids (coarse, medium and fine) that 
differ in the grid density in vertical, span-wise and chord-wise directions by a factor of 1.5. 
The medium grid is the original one utilized earlier in this section. The circulation, calculated 
by integrating the radial vorticity over the half cylinder surface, only shows noticeable grid 
dependence at the coarse level, and only near the wing tip - the region which is unimportant 
for our present theoretical work. 
 
Figure 4.10. Comparison of spanwise circulation between experiment [13] and CFD results, at the revolving 
angles of 𝜙 = 12°, 30°, 60°, 84° and 108°. 
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Figure 4.11. Grid sensitivity test for the validation case. ‘Coarse’, ‘medium’ and ‘fine’ denote increasing 
levels of grid refinement. 
 
Appendix 4B.  Vortex identification in the CFD 
Our theoretical model substitutes the LEV with a line vortex that contains all of the LEV 
vorticity. The LEV circulation and position are, therefore, directly accessible from the model, 
in contrast to the CFD which provides spatial distribution of the vorticity, which is a ‘jumble’ 
of the leading-edge vortex, trailing-edge vortex, bound vortex, etc. The method to calculate 
LEV circulation 𝛤𝐶𝐹𝐷(𝑟) on a half-cylinder surface (4.18) is showed in the inset of figure. 4.3a, 
similarly, the LEV position 𝑧𝐶𝐹𝐷(𝑟) is obtained as, 
 [𝑥(𝑟) + 𝑖𝑦(𝑟)]𝐶𝐹𝐷 =
1
𝛤𝐶𝐹𝐷(𝑟)
∫ ∫ [𝑖𝑧′(𝑟) + 𝑟𝜙′]𝑟𝑑𝑧′
5𝑐
0
𝑑𝜙′
2𝜋
0
.  (4.23) 
In the case of 𝛼 = 90°, these equations, in fact, define the total circulation and the vorticity 
centroid. The total circulation includes the bound vorticity and the LEV vorticity, as explained 
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in Chapter 3 in greater detail. If 𝛼 ≠ 90°, integration over the upper half-cylinder may fail to 
include all of the LEV vorticity, though this is only possible near the wing tip where the LEV 
is large.  
A popular alternative method is to integrate the positive vorticity only in at rectangular 
windows [13]. The results of these two different methods of calculating 𝛤 are compared in figure 
4.11. The difference is small over the proximal half of the wing and, expectedly, it is large near 
the wing tip. Identification of the LEV center line is perhaps even more ambiguous. The 
algorithm used in Chapter 3 involves the two-dimensional Q-criterion and a clustering 
algorithm to decide which vorticity contributes to the LEV. As a simpler alternative method 
for the purpose of comparison between our CFD data and the experiment [13], the three-
dimensional 𝜆2-criterion is used to find the LEV core, and used its intersection with rectangular 
windows (pink blobs in figure 4.12) as integration domain for vorticity centroids (bright green 
triangles in figure 4.12). 
 
Figure 4.12. Iso-surface of 𝜆2 coloured according to the sign of the spanwise vorticity (red or blue for 
positive or negative, respectively). Pink blobs show planar sections of the LEV. Bright green triangles 
show the corresponding LEV centers. 
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Chapter 5  
 
Concluding remarks and 
future woks 
 
This chapter summarizes the studies of LEV in the thesis. The remaining works 
are also listed for future research, which are mainly about vortex force modelling 
and three-dimensional wing shape optimization.  
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5.1 Concluding remarks 
The entire research work in this thesis has implemented a set of systematic numerical 
simulations of revolving wing to study the leading-edge vortex with a specific focus on wing 
morphology effects on aerodynamic force production in Chapter 3. With three different but 
typical planar shapes of insect wings of a fruitfly, a bumblebee and a hawkmoth, however it is  
found that the insect wings have substantially similar LEV dynamics and hence aerodynamic 
performance: the single forewings of the bumblebee and the hawkmoth match the formation of 
leading-edge vortices and hence dominate the aerodynamic force production. As to the force 
coefficients, the forewings and the integral wings differ much in a range of AoA and Re. The 
forewing of hawkmoth benefits from the hindwing reduction in lift coefficient at Re > 675 and 
the AoA between 20° to 50° . For the aerodynamic power efficiency, the integral hawkmoth 
wing achieves higher power factor at all the AoAs and the low Re < 104. 
Many literatures indicated that LEV at the leading-edge of a rotary wing truns to be a 
conical shape, nevertheless few studies have ever quantified and visualized the LEV’s strength 
and size. The sectional profiles of the pressure coefficient and isosurface of 𝜆2-criterion are 
taken into consideration, then introduce the “LEV angle” 𝛾, which appears to be more sensitive 
to the changes in Reynolds numbers, as well as angle of attack rather than wing morphology. 
Our results indicate that the LEV angle falls within a range of 5 ~ 20 deg from the leading edge, 
just meets the forewing region of a bumblebee and hawkmoth. There also exists a critical 
Reynolds number around 675 in concern with the forewing’s aerodynamic performance, at 
which the LEVs show reattachment onto the wing surface, corresponding to the maximum LEV 
angle 𝛾. In addition, it is found that the unsteadiness of LEV represented by break-down points, 
relates to Reynolds number, of which the incease causes larger region of LEV seperates from 
the wing surface in the distal portion. 
From what our CFD results show in the first half of this thesis, consequently, it can be 
summarised that hindwing reduction of a bioinspired insect wing has little impact on total force 
production as well as the LEV formation, however, the single forewing only performs better at 
low AoA and high Re, which is beyond the flight condition of a four-winged insect. 
The second half of this thesis is about a theoretical model that describes the LEV 
behaviours at different Reynolds number and angle of attack, as well as the wing morphology, 
or local chord length c(r) in other words. Theoretical modelling is able to provide simple ideas 
of the LEV mechanisms, however, little effort on this has been found in literatures. 
Maxworthy’s line vortex model is employed to describe the three-dimensional movement of 
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the LEV along the vortex line. It is postulated that equilibrium state of the vortex is primarily 
maintained by the competing effects of vorticity production at the leading edge, and its three-
dimensional transport in the presence of spanwise flow and downwash. LEV circulation and 
its centroid position consequently can be estimated by the power-law growth of radial distance 
from the rotating axis. The theoretical solutions have good agreement with the results of the 
previous experiment and its re-produced cases in CFD. 
Spanwise vorticity transport as an important role playing between the centripetal 
acceleration and the spanwise component of the Coriolis acceleration, are implicitly included 
in the parameter 𝐾𝑠𝑝. Data-driven modelling is carried out to study 𝐾𝑠𝑝, which is in the function 
of angle of attack α and Reynolds number. At a constant α, the decreasing 𝐾𝑠𝑝 will weaken the 
spanwise transport thus lead the LEV move toward the trailing edge, and flow separation easily 
occurs in that situation. 
The theoretical modelling in the second half of this thesis provides quick and accurate 
estimate of LEV strength and its trajectory prior to some precise measurement. In the other 
hand, it also helps the following researchers understand the LEV mechanisms better, by 
learning the effect of spanwise vorticity transport and downwash flow. 
5.2 Future work 
 Chapter 2 shows the dominant role of forewing in force production on the bioinspired 
rotary wing of bumblebee and hawkmoth, while the function of hindwing still remains unclear. 
In many experiments, dynamic wing deformation is observed in hindwings, where the 
chordwise deformation leads to the cambered wing profile. Spanwise bending and twist are 
also reported to contribute to enhance the force production and hovering efficiency by 
modifying the downwash in the hovering flight of a hawkmoth [1]. 
 Wing deformation of insect thus inspires people in developing high-performance rotary 
wings, the future work aims to three-dimensional wing-shape optimization, which focuses on 
the non-flat wings with camber, twist and spanwise bending, as well as the wing planform. In 
Chapter 2 the investigation of LEV on the flat rigid wings gives me a better understanding of 
the LEV formation at different Reynolds number and angle of attack. Furthermore, Chapter 
3&4 explain the mechanism how LEV vorticity produces and transports, it is easy to apply the 
conclusions in the prescribed deformed wings, such as cambered wings, bended wings and 
swept wings. 
 In addition, the reduced-order model for estimating LEV circulation are expected to further 
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deduce the LEV force as the aerodynamic force increment associated with a stable LEV. The 
present work only concerns with the vorticity component in the spanwise direction. However, 
it is probable that the two-dimensional results such as the Kutta-Joukowski theorem cannot be 
directly used in this three-dimensional setting, and that the vorticity component in the 
chordwise direction must be taken into consideration. The LEV force modelling thus remains 
open for future research. 
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